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Abstract: The submodule Z(M) = N{N | M/N is small in its injective hull} was introduced by Talebi and Vanaja
in 2002. A ring R is said to have property (P) if Z(M) is a direct summand of M for every R-module M. It is
shown that a commutative perfect ring R has (P) if and only if R is semisimple. An example is given to show that
this characterization is not true for noncommutative rings. We prove that if R is a commutative ring such that the class
{M € Mod— R | Zr(M) = 0} is closed under factor modules, then R has (P) if and only if the ring R is von Neumann

regular.
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1. Introduction

Throughout this paper all rings have identity and all modules are unital right modules. Let R be a ring and
M an R-module. A submodule L of M is called a small submodule (notation L « M) if M # L+ N
for any proper submodule N of M. The module M is said to be small if it is a small submodule of some
R-module; equivalently, M is small in its injective hull. In [13], Talebi and Vanaja introduced the submodule
Z(M) =n{U < M | M/U is small}. If Z(M) =0 (Z(M) = M), then the module M is called cosingular
(noncosingular).

If for every R-module M, Z(M) is a direct summand of M, we will say that R has property (P). The
aim of this paper is to shed some light on the structure of rings having (P). Note that the rings satisfying the
dual of our condition (P), namely those whose singular submodules Z(M) are direct summands, have been
studied in [2] and [3] extensively.

In Section 2 we present some properties of rings having ( P). It is shown that the class of rings having (P)
is closed under finite products. We also prove that if R is a commutative ring such that the class of cosingular
modules is closed under factor modules, then R has (P) if and only if the ring R is von Neumann regular.

Section 3 deals with the structure of perfect rings having (P ). We show that a commutative perfect ring
R has (P) if and only if R is semisimple. An example is given to show that this characterization is not true

for noncommutative rings.

*Correspondence: orhannil@yahoo.com
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2. Some properties of rings having (P)

Proposition 2.1 The following are equivalent for a module M :
(i) Z(M) is a direct summand of M ;
(il) M is a direct sum of a cosingular summodule and a noncosingular submodule.

In this case Z(M) is the largest noncosingular submodule of M .

Proof (i) = (ii) Let N be a submodule of M such that M = Z(M) @ N. By [13, Proposition 2.1(7)], N is
cosingular. Since Z(M) = Z(Z(M))® Z(N) (by [13, Proposition 2.1(4)]), we have Z(M) = Z(Z(M)). Hence,
Z(M) is noncosingular. This proves the result.

(ii) = (i) Let N be a cosingular submodule of M and let K be a noncosingular submodule of M such
that M = N @ K. By [13, Proposition 2.1(4)], Z(M) = Z(N)® Z(K). Thus, Z(M) = K is a direct summand
of M.

For the last statement: if L is a noncosingular submodule of M, then L = Z(L) C Z(M). O

Example 2.2 By applying the last result and some results of [13], we can get some examples of rings having
property (P).

(1) By [13, Proposition 2.5], if R is a cosemisimple ring, then every R-module is noncosingular. Therefore,
R has property (P).

(2) If R is a ring such that every cosingular R-module is projective, then R has property (P) by [13,
Theorem 3.8(4)].

Proposition 2.3 For any ring R the following conditions are equivalent:
(1) R has (P);
(2) Every R-module is a direct sum of a noncosingular module and a cosingular module;

(3) (a) If N is a noncosingular submodule of a module M such that M/N is cosingular, then N is a

direct summand of M , and

(b) The preradical Z is idempotent.
Proof (1) & (2) By Proposition 2.1.

(1) = (3)(a) By (1), Z(M)® L = M for some submodule L < M. Since Z(M/N) =0, Z(M) C N by
[13, Proposition 2.1(7)]. Then N = Z(M) @ (LN N) and M = N+ L. As M/Z(M) = L, we have Z(L) = 0.
Hence, Z(N N L) = 0. On the other hand, since L N N is a direct summand of N, LN N is noncosingular. It
follows that Z(NNL)=NNL=0. Thus, M = N@ L.
1) = (3)(b) By Proposition 2.1.
3) = (1) Let M be any R-module. By [13, Proposition 2.1], we have Z(M/Z(M)) = 0. Moreover, we

—~~

have Z(M) = Z"(M) by (b). Therefore, Z(M) is a direct summand of M by (a). O

Corollary 2.4 Consider the following conditions:

(i) For any N < M € Mod — R, we have Z(N) = NNZ(M);
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(ii) The class {M € Mod — R | Z(M) = M} is closed under submodules.
Then (i) = (ii) and if R has (P ), then (ii) = (i).
Proof By Proposition 2.3 and [4, Proposition 6.9(1)]. O

Corollary 2.5 Consider the following conditions for a ring R:
(i) R has (P);
(ii) Ext (S, M) =0 for every cosingular module S and noncosingular module M .

Then (i) implies (ii). If the preradical Z is idempotent, then (ii) implies (i).

Note that (ii) does not imply (i) in the above corollary. Consider the ring Z. By Lemma 4.12 of [8], a
Z-module M is noncosingular if and only if it is injective. So condition (ii) is satisfied. But the ring Z does

not satisfy (P) (see Proposition 2.6).

Proposition 2.6 Let R be a Dedekind domain. The following are equivalent:

(i) R has (P);

(ii) R is a field.
Proof (i) = (ii) Let M be any module. By [15, Bemerkung 1.7 and Satz 2.10], there exists an R-module N
such that M < N and M = Z (N). By assumption, we also have that N = Z(N) @ K for some submodule
K of N. Then Z(N) = 72(N) ®Z(K)=M®& Z(K)= M. Thus, M is noncosingular. By [3, Lemma 4.12],
M is also injective. It follows that R is semisimple. Thus, R is a field.

(ii) = (i) This is clear. O

Lemma 2.7 Let R = Ry ® Ry where R; (i =1,2) are nonzero 2-sided ideals of R. Let M be an R-module.

Then:
(1) M=MR, ® MRy and MR, (i=1,2) can be regarded as an R;-module such that the submodules

of MR, are the same whether it is regarded as an R;-module or as an R-module.

(2)(a) If E is an injective R-module, then ER; is an injective R;-module.

(b) If E; is an injective R;-module, then E; is an injective R-module for the following multiplication:
xi(r1 +re) = xir;, where r; € R; (j=1,2) and z; € E;.

(3)(a) Let N; be a submodule of the R-module MR;. Then MR;/N; is a small R;-module if and only
if MR;/N; is a small R-module.

(b) We have Zp,(MR;) = Zr(MR;) fori=1,2.

(4) If {M € Mod — R | Zr(M) = 0} is closed under homomorphic images, then so is {M € Mod — R; |
Zr, (M) =0}.

Proof (1) This is obvious.
(2) (a) Let X; be an R;-module with ER; C X;. Clearly X; is an R-module and FR; is an injective

R-module. Thus, FR; is a direct summand of X;, and so ER; is an injective R;-module.
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(b) Let X be an R-module with F; C X. Then E;R; C XR;. Hence, E; C XR;. By hypothesis, E; is
a direct summand of X R;. Since XR; is a direct summand of X, FE; is a direct summand of X . It follows

that E; is an injective R-module.

(3) (a) Assume that M R;/N; is a small R;-module. Thus there is an injective R;-module E; containing
MR;/N; such that MR;/N; < E;. By (2), E; is an injective R-module. Thus, M R;/N; is a small R-module.

Conversely, suppose that MR;/N; is a small R-module. Thus there is an injective R-module F
containing M R;/N; such that MR;/N; < E. Therefore, MR;/N; < ER;. Since ER; is an injective R;-
module, M R;/N; is a small R;-module.

(b) By (a).

(4) This follows from (3)(b). O

Proposition 2.8 Let R = Ry ® Ry be a ring decomposition. Then R has property (P ) if and only if Ry and
Ry both have property (P ).

Proof Let M be an R-module. By assumption, we have M = MRy & M Ry such that M R; is an R;-
module for i = 1,2. Note that Zg,(MR;) = Zr(MR;) for i = 1,2 (see Lemma 2.7). Then Zr(M) =
Zr(MRy) ® ZrR(MRy) = Zr,(MRy) ® Zg,(MR5). Since R; has property (P), then Zg,(MR;) is a direct
summand of MR; for ¢ = 1,2. Hence, R has property (P). Conversely, consider an R;-module M;. Then
M; can be regarded as an R-module for the following multiplication: x;(r1 + r2) = z;r;, where r; € R;
(j = 1,2) and x; € M; and the submodules of M, are the same over R and over R; (¢ = 1,2). Hence,
Zr,(M;) = Zgp,(M;R;) = Zr(M;R;) = Zp(M;) by Lemma 2.7. Thus, if R has property (P), then R; and Ry
have property (P). O

Proposition 2.9 Let R be a commutative ring having property (P ). Then R = Ry ® Ry such that Ry is a
von Neumann regular ring and Ry is a ring having property (P ) with Z(Ry) = 0.

Proof By Proposition 2.1, R = Ry @ Ry such that Z(R;) = Ry and Z(Ry) = 0. By Proposition 2.8, R; and
Ry both have property (P). By [13, Corollary 2.6], Ry is a cosemisimple ring. But R; is commutative. Then

Ry is a von Neumann regular ring. This completes the proof. O

In the sequel, let Cp = {Mg | Z(M) = 0} denote the class of cosingular R-modules.

Lemma 2.10 If the class Cp is closed under homomorphic images, then Z(R) # 0.
Proof Assume that Z(R) = 0. Then Z(RU)) = 0 for every index set I by [I3, Proposition 2.1(4)]. By

hypothesis, every module is cosingular, a contradiction (see [13, Proposition 2.8]). O

Proposition 2.11 Let R = R; @& Ry be a ring decomposition. Assume that Cp is closed under homomorphic

images. Then Zp(R;) # 0.

Proof Suppose that Zg(R;) = 0. By Lemma 2.7, we have Zg,(R;1) = 0. Since Cp, is closed under homo-
morphic images, Cr, is closed under homomorphic images (see Lemma 2.7). By Lemma 2.10, Zr, (R1)#0,a

contradiction. O
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Theorem 2.12 Let R be a commutative ring such that Cr is closed under homomorphic images. The following
are equivalent:

(1) R has (P);

(2) Rr = R1 ® Ry such that Ry € Cp and Z(Ry) = Ry;

(3) R is von Neumann regular.
Proof (1) = (2) This is clear.

(2) = (3) By Proposition 2.11, we have Ry = 0. Hence, Z(R) = R. Thus R is cosemisimple by [13,
Corollary 2.6]. Since R is commutative, R is von Neumann regular.

(3) = (1) By [13, Proposition 2.5], every module is noncosingular. Thus R has (P). O

3. When perfect rings have property (P)

Lemma 3.1 Let R be a right perfect ring with (P). Then the class Cp is closed under homomorphic images.

Proof Since R isright perfect, every R-module is amply supplemented. Let M be a cosingular module and let

N < M. By [13, Theorem 3.5), Z_(M/N) = (Z*(M)+N)/N. But Z (M/N) = Z(M/N) and Z"(M) = Z(M)

by Proposition 2.3. Then Z(M/N) = (Z(M)+ N)/N =0. O
Note that r(J) and I(J) will denote the right and left annihilator of the Jacobson radical J of a ring

R, respectively.

Proposition 3.2 Let R be a right perfect ring with Jacobson radical J. Then for any R-module M , we have
Z(M) = Mr(J).

Proof Let M be any module. By [!, 6.14], [13, Proposition 2.1(3)], and Lemma 3.1, we have Z(M) =
MZ(RR). Therefore Z(M) = Mr(J) by [12, Proposition 2.6]. O

Theorem 3.3 Let R be a right perfect ring such that r(J) =1(J). The following are equivalent:

(1) R has (P);

(2) r(J) is injective;

(3) R is semisimple.

Proof Note that since r(J) = I(J), we have r(J) = Soc(Rgr) = Soc(grR) by [|, Proposition 15.17].

(1) = (2) By Proposition 3.2, Z(Rg) = Soc(Rg). Since R has (P), Soc(Rgr) is a noncosingular direct
summand of Rpr. Thus, Soc(Rr) = ®IS; for some simple right ideals S; (1 < ¢ < n) of R. By [13,
Proposition 2.1(4)], every S; (1 < ¢ < n) is noncosingular. So every S; (1 < i < n) is injective. Hence,
r(J) = Soc(Rp) is injective.

(2) = (3) Suppose that R is not semisimple. By (2), there is a nonzero right ideal I of R such that
R = Soc(Rgr) @ I. By [1, Theorem 28.4], Soc(I) # 0, a contradiction.

(3) = (1) This is clear. O
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Corollary 3.4 Let R be a commutative perfect ring. Then R has (P) if and only if R is semisimple.
Proof This follows from Theorem 3.3. O

Proposition 3.5 Let R be a right perfect ring having (P ). Then R has a simple injective module.
Proof Assume that R has no simple injective modules. Let M be any R-module. By Proposition 2.3, we
have Z(M) = ZZ(M). By [13, Theorem 3.8(3)], we have 72(M) = 0. Thus, Z(M) = 0 for every module M,

a contradiction (see [13, Proposition 2.8]). O

Lemma 3.6 Let R be a local ring with mazimal right ideal m such that R/m is a nonsmall module. Then R
has (P ) if and only if R is a division ring.

Proof (=) The module R/m is injective. Thus, every simple R-module is injective. Therefore, R is
cosemisimple, so J =m = 0. Hence, R is a division ring.

(<) Clear. O

Corollary 3.7 Let R be a right perfect local ring with maximal right ideal m. Then R has (P) if and only if
R is a division ring.

Proof By Proposition 3.5, the module R/m is not small. Then the rest is clear by Lemma 3.6. O

Proposition 3.8 Let R be a right perfect ring. If R has (P ), then Rr = (&7 L;) ® (" K;) is a direct
sum of local submodules such that Z(L;) = L; (1<i<n) and Z(K;) =0 (1 <i<m).

Proof By [14,42.6], Rg = (&™,L;)®(®™,K;) is a direct sum of local submodules such that Z(L;) = L; and
Z(K;) # K;. Since Z(K;) # K;, Z(K;) < K;. Thus, ZQ(Ki) = 0. Proposition 2.3 shows that Z(K;) =0. O

Proposition 3.9 Let R be a right perfect ring such that Rp = (O L;) ® (&, K;) is a direct sum of local
submodules with Z(L;) = L; and each K; (1 <i<m) is simple small. Then R has (P).
Proof Let M be any R-module. It is well known that M is a homomorphic image of a free R-module. So
M = M; + Mj such that M; is a homomorphic image of a noncosingular module by [13, Proposition 2.4] and
M> is a homomorphic image of a direct sum of K;s. By [13, Proposition 2.4], M; is noncosingular and by [11,
Lemma 9], M5 is small and hence cosingular. Since M/M; = My /(M; N Ms) is small, we have Z(M/M;) = 0.
By [13, Proposition 2.1(1)], we have Z(M) C M;. But My = Z(M;) C Z(M). Then Z(M) = M;. Therefore,
M = Z(M) + My with M, semisimple. Let N be a submodule of M, such that My = (Z(M) N M) © N.
Thus, M = Z(M) @ N. O
The following example gives a ring satisfying the conditions of Proposition 3.9 and shows that a right

perfect ring having (P) need not be semisimple.

Example 3.10 Let R be a left and right hereditary Artinian serial ring with J2 = 0 (e.g., we can take the ring
of all upper triangular 2 x 2 matrices with entries in a field K') (see [5, Example 13.6]). By [5, 13.5], every right
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ideal is a direct sum of an injective module and a semisimple module. By [141, 42.6], Rg = (&7~ L:) ® (@, K;)
is a direct sum of local submodules such that L; are injective and K; are simple. Without loss of generality we
can assume that all K; (1 <4 <m) are small. Since R is hereditary, every injective module is noncosingular.
By Proposition 3.9, the ring R has (P).

Proposition 3.11 (1) Let R be a ring with (P ) such that every nonzero injective R-module is not cosingular.
Then every injective R-module is noncosingular.

(2) Let R be a right Artinian ring. If R has (P ), then every injective R-module is noncosingular.

Proof (1) Let M be an injective R-module. Then M/Z(M) is injective cosingular. By hypothesis,
M=Z(M).
(2) By [13, Corollary 2.10] and (1). O
Recall that a ring R is called a right H-ring if every injective right R-module is lifting.

Theorem 3.12 Let R be a right H -ring. Consider the following conditions:
(1) R is semisimple;
(2) For every module M and every submodule A of M, we have Z(A) = ANZ(M);
(3) R has (P);
(4) For every R-module M, Z(M) = Mr(J) is injective;
(5) The class of injective modules coincides with the class of noncosingular modules;
(6) Fvery injective module is noncosingular.
Then (1) = (2) = (3) = (4) = (5) = (6) = (3) and if R is a QF -ring, then (6) = (1).
Proof (1) = (2) This is clear.
(2) = (3) Let M be a module. Then M has a decomposition M = M; & M, with M; injective
and Z(M,) = 0 by [1, 28.10]. Since R is right Noetherian, M; = @®;crL; with (L;);e; indecomposable

injective submodules. Since each L; is lifting, each L; is local. If Z(L;) # L;, then 72(L1—) = 0. But

72(Li) =Z(L,)NZ(M) = Z(L;) by (2). Thus, Z(L;) = 0. The result follows from [13, Proposition 2.1(4)].

(3) = (4) Let M be an R-module. By [4, 28.10], M = N @& K such that N is injective and K is a
small module. Therefore, Z(M) = Z(N) @& Z(K). But Z(N) = N (see Proposition 3.11) and Z(K) = 0. It
follows that Z(M) = N is injective. Moreover, Z(M) = Mr(.J) by Proposition 3.2.

(4) = (5) Let E be a noncosingular module. Then E = Z(E) is injective. The result follows from
Proposition 3.11.

(5) = (6) This is clear.

(6) = (3) Let M be any module. Then M = K @ L such that K is injective and L is a small module.
By [13, Proposition 2.1], Z(M) = Z(K)® Z(L). But Z(L) =0. Then Z(M) = K is a direct summand of M.

(6) = (1) Assume that R is a QF -ring. Since (6) implies (3), R has (P). The result follows by Theorem
3.3 and [7, Corollary 15.7]. O

Note that the QF' condition in implication (6) = (1) of Theorem 3.12 is not superfluous. As an example

we can take the ring of all upper triangular 2 x 2 matrices with entries in a field K . This ring is not QF since
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r(J) # I(J), where J is the Jacobson radical. On the other hand, by Example 3.10, the ring has (P) but is

not semisimple. This ring is also an H -ring by [9, Corollary 2.5].

4. Examples
Proposition 4.1 Let R be a ring with Jacobson radical J such that R/J is a simple Artinian ring, J # 0
and J? =0. Then:

(1) For every module M, Z(M) = MJ = Rad(M);

(2) The class Cp = {Mg | Z(M) = 0} is closed under homomorphic images;

(3) The ring R does not have (P ).

Proof (1) Up to isomorphism, R has a unique simple right module U. Since J is a nonzero right R/J-
module, there exists a submodule V' < Jg such that U 2 V. As V is small in R, U is a small module. Let
M be a nonzero R-module. We want to show that Z(M) = Rad(M).

Now let N < M with M/N small. Then M/N C EJ, where E = E(M/N). Thus, (M/N)J =0 and
hence MJ C N. Therefore, MJ C Z(M).

Now assume that M # MJ. Then M/MJ is a direct sum of isomorphic copies of U. Note that M /M J
is an R/J-module. By assumption and [I1, Lemma 9], M/M.J is small. Hence, Z(M) C M.J. Therefore,
Z(M)=MJ.

(2) By (1).

(3) Assume that R has (P). By (1), Rad(M) is a direct summand of M for every module M. Since
J(R) < Rg, we have Z(Rg) = 0. Moreover, it follows from (2) that every module is cosingular, a contradic-
tion. O

Let R be a ring. R is called a right Goldie ring if Rg is finite dimensional and satisfies the ascending
chain condition on right annihilator ideals. R is called a right primitive ring if there exists a simple right
R-module U with annr(U) =0.

The proof of the following last Proposition has the same techniques as the proof of [10, Proposition 12].

Proposition 4.2 Let R be a prime right Goldie ring that is not right primitive. Then every cyclic right
R-module is small. In particular, every cyclic module is cosingular.

Proof Let M = xR and E = E(M), the injective hull of M. We want to show that M < E. Let E = M+T
with T'< E. Assume = € M\T. Then E/T is nonzero and cyclic. Hence, there exists a maximal submodule
K/T of E/T. Now K is a maximal submodule of F and the module U = E/K is simple. By hypothesis,

I = anng(U) # 0. Since R is prime, I is essential in Rp. By [6, Proposition 5.9], I contains a regular
element, namely a nonzero divisor ¢. Now E = FEc C FI C FE implies that £ = E. Thus F = K, a
contradiction. Hence, x € T andso £ =T'. O
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