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On properties of the minus partial order in regular modules

By BURCU UNGOR (Ankara), SAIT HALICIOGLU (Ankara),
ABDULLAH HARMANCI (Ankara) and JANKO MAROVT (Ljubljana)

Abstract. We investigate properties of the minus partial order in regular modules,
present new characterizations of this order, and generalize some known results. We
introduce a new relation in the general module theoretic setting that is analogous to the
space pre-order on complex matrices and study how it is related to the minus partial
order.

1. Introduction

Throughout this paper, R denotes an associative ring with identity 1z, and
modules are unitary right R-modules. For a right R-module Mrp = M, § =
Endg (M) denotes the ring of all right R-module endomorphisms of M. It is
well-known that M is a left S- and right R-bimodule. For an (S, R)-bimodule M,
let lg(.) and rg(.) stand for the left annihilator of a subset of M in S and the
right annihilator of a subset of M in R, respectively. If the subset is a singleton,
say {m}, then we simply write lg(m) and rr(m), respectively. For a subset A of
aring R, Ig(A) and rg(A) denote the left annihilator and the right annihilator
of A in R, respectively. If the subset A is a singleton, say A = {a}, then again
we simply write [g(a) and rg(a), respectively.
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Let S be a semigroup and a € §. Any solution z = a~ to the equation
axa = a is called an inner generalized inverse of a. If such a™ exists, then a is
called regular, and if every element in a semigroup S is regular, then S is called
a regqular semigroup. HARTWIG [3] introduced the minus partial order <~ on
regular semigroups using generalized inverses. For a regular semigroup S and
a,b €S, we write

a<"b if aca=a"b and aa” =ba” (1)

for some inner generalized inverse a~ of a.

Let B(#) denote the algebra of all bounded linear operators on a Hilbert
space H. For an operator A € B(H), the symbols Ker A and Im A stand for the
kernel and the image of A, respectively. It is known that A € B(#) is regular
if and only if Im A = Im A, i.e., the image of A is closed (see, for example, [7]).
SEMRL studied in [9] the minus partial order on B(#). He did not want to restrict
himself only to operators in B(H) with closed images, so he defined a new order
<g on B(H) in the following way: For A, B € B(H), we write A <g B if there
exist idempotent operators P,Q € B(H) such that Im P = Im A, Ker A = Ker Q,
PA = PB, and AQ = BQ. Semrl called this order the minus partial order on
B(#) and proved that this is indeed a partial order on B(#H) for a general Hilbert
space H. He also showed that the partial order <g is the same as Hartwig’s minus
partial order <~ when H is finite dimensional.

In [5], Baer rings were introduced as rings in which the right (equivalently,
left) annihilator of every nonempty subset is generated by an idempotent.
To study the torsion theory and motivated by KAPLANSKY’s work on Baer rings,
HATTORI introduced in [4] principally projective rings. A ring is called left (resp.
right) principally projective if every principal left (resp. right) ideal is projective,
or equivalently, the left (resp. right) annihilator of any element of the ring is
generated by an idempotent as a left (resp. right) ideal. Left (resp. right) princi-
pally projective rings are in the literature now usually termed as left (resp. right)
Rickart rings. Clearly, every Baer ring is left and right Rickart, i.e., a Rickart ring.
Note that every Rickart ring has the identity (see, e.g., [1, page 18]). An example
of a Baer ring is the algebra B(H).

Following Semrl’s approach, the authors further generalized in [2] the minus
partial to Rickart rings. A new relation was introduced in [2] on a ring with
identity: Let R be a ring with the multiplicative identity 1z and a,b € R. Then
we write a <7 b if there exist idempotent elements p, ¢ € R such that

Ir(a) = R(lg —p), rgr(a)=(1g —q)R, pa=pb and aq=0bq. (2)
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It was proved in [2] that this relation <~ is indeed a partial order when R is
a Rickart ring and that definitions (1) and (2) are equivalent when R is a ring
in which every element is regular, i.e., R is a von Neumann regular ring. In [10],
the present authors introduced a relation on the power set P(R) of a ring R and
showed that this relation, which is called “the minus order on P(R)”, is a partial
order when R is a Baer ring.

Recently, in [11], the concept of the minus relation has been extended to the
module theoretic setting using the endomorphism rings of modules. It was proved
that this new relation, which we will present in Section 2, is a partial order when
the module is regular.

Motivated by the before-mentioned works on the minus partial order on dif-
ferent structures and, particularly, by the generalization of this notion to the
general module theoretic setting, we study in Section 3 properties of the minus
partial order on regular modules and obtain some new characterizations of this
order. We also introduce a new relation in the general module theoretic setting
that is analogous to the space pre-order on complex matrices and study how it is
related to the minus partial order.

2. Preliminaries

Let M be a right R-module with S = Endg(M). For the sake of brevity,
in the sequel, S will stand for the endomorphism ring of the module M considered.
We will denote the identity map in S by 1g. The element m € M is called
a (Zelmanowitz) reqular element if

m = me(m) = mem

for some ¢ € M*, where M* = Hompg(M, R) denotes the dual of M. Such
an element ¢ € M* is called a (Zelmanowitz) regular support of m and will be
denoted by m). Also, {m™} denotes the set of all regular supports of m € M.
A module M is called regular (in the sense of Zelmanowitz) if every element of M
is regular.

For a ring R, let a € R be a regular element (in the sense of von Neumann).
Then there exists a= € R such that a = aa™a. It is well-known that a € R
is regular (in the sense of von Neumann) if and only if a is regular in Rg (or,
similarly, in the left R-module rR) (in the sense of Zelmanowitz).
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Remark 2.1 ([8, Lemma B.47]). Let M be a module and m € M be regular,
say m = mpm, where o € M*. Then e = pm € R is an idempotent, mR = eR
is projective, and M = mR @ N where N = {n € M : men = 0}.

Remark 2.2. Let M be a module. It is known that Homp(R, M) = M.

Let m € M be regular, say m = mpm where ¢ € M*. Then for the map
my: M — M, defined by

(mp)(x) = me(x) =mez, =€ M,

we may conclude that me € S and that mp is an idempotent in S.

In [11], the notion of the minus relation was extended to the module theoretic
setting. It was proved that the following relation is a partial order when the
module M is regular.

Definition 2.3 ([11]). Let M be a module and my, mgo € M. We write m; <~
my if there exists ¢ € M™ such that m; = mypmy, mip = map and emy = pms.
We call the relation <~ the minus order on M.

The following results that were proved in [11] will be used in the continuation.

Proposition 2.4 ([11, Propositions 2.4 and 2.17]). Let M be a module
and my,mo € M. If my <= mg, then miR C moR, ls(msa) C lg(mq), and
TR(mz) g TR(ml).

Proposition 2.5 ([11, see Definition 2.19 and Theorem 2.20]). Let M be

a module, and let my,mg € M be regular. If my <~ msy, then m1R N (mg —

The next result gives a new characterization of the minus (partial) order in
(regular) modules.

Proposition 2.6 ([11, Theorem 2.5]). Let M be a module and my,me € M
with my regular. Then m; <~ myg if and only if there exist f2=f € S,a?> =a€R
such that ls(mq1) = ls(f), rr(m1) = rr(a), fm1 = fma, and mia = maa.

3. The minus partial order

Let M be a module and m € M. We begin with an auxiliary result related to
the regular support of m, and then give some characterizations of minus partial
order in terms of regular supports.
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Lemma 3.1. Let M be a module. Then we have the following:
(1) Let m € M be a regular element. Then

{mM} ={o+ (g —pm)a+ B(ls —me) : p € {mM},a, 8 € M*}.

(2) Let my,mo be regular elements of M. Then my <~ mq if and only if there
exists ¢ € {mgl)} such that my = mipmo = maopmy = mypEmy.

ProOOF. (1) Let K := {o 4+ (1g — pm)a + B(1s —mp) : ¢ € {mM} a,B, €
M*} and z = ¢ + (1g — pm)a + B(lsg — my) € K for some ¢ € {m(MV} and
a, B,€ M*. Then

mxm = mem + (m — mem)am + mpB(m — mem) = m.

Hence z € {m(M}, and so K C {mM}. For the reverse inclusion, let z € {m™)}.
Since z = z + (1g — 2m)0 + 0(15 — mz) € K, we conclude that {m"} C K.

(2) Assume that m; <= mgy. By Proposition 2.4, we have m1R C msR. Then
there exists 7 € R such that m; = mor. Also, since mq is regular, there exists
@ € M* such that my = maopms. Hence

mi1 = MaT = Ma2PMaT = Mo,
and thus m; = mopm;. Since
mipmy = mopmy — (Mg — m1)pmy = mq — (Mg — My )ema,

we have mypm;—my = —(mg—my)emi € my RN(ma—m;)R. By Proposition 2.5,
miR N (m2 —mq)R = {0}, and so m; = mypm;. Consider

Mo — M1 = Moy — Mamy = map(mg — my).
Then we have

(ma —mi1)p(me —m1) = map(ma —m1) — mip(ma —mi)

= (mg —my) — mip(ma —my),
and therefore
(ma —my) — (ma — mq)p(ma — my) = mye(ms —my) € myRN (mgy —mq)R.

Again, since mi; R N (my —my)R = {0}, we may conclude that m; = mipm; =
mieme. Therefore, we have m1 = mypms = mopmi = miem;.
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Conversely, suppose there exists ¢ € {mél)} such that m; = mipms =
maemy = mypmsy. Let a:= pmyip € M*. On the one hand, we have

miam,; = mlgamlgaml = mlgoml =m,
and on the other hand, we obtain

mi =miemieY = mie = MmMaPmie = My
and
am] = Miem = Pmp = PmipEmy = ama.
Therefore, by Definition 2.3, we may conclude that m; <= ms. O
Theorem 3.2. Let M be a regular module and my,ms € M. Then the
following are equivalent:
(1) my <7 my;
(2) {mgl)} N {mgl)} # 0, miR C moR, and Smy C Smeg;
(3) {ms"} € {m{"}.
PrOOF. (1) = (2) It follows directly from Lemma 3.1(2).
(2) = (3) Assume that {mgl)}ﬁ{mg)} # (0, miR C maR, and Smy; C Smay. Then
my = fmg = mor for some f € Sand r € R. Let z € {mél)}, i.e., mo = moxms.

Since {mgl)} N {m(Ql)} # 0, there exists @ € M* such that m; = mjam; and
mg = moame. On the one hand,

mizmy = fmexmaor = fmer = fmy,
and on the other hand, m; = miam; = fmeamsr = fmaor = fmq, and so
my = myzm;. Hence z € {mgl)}, and thus {mél)} C {mgl)}.
(3) = (1) Assume that {mgl)} C {mgl)}. Note that ms is regular, and let
p € {mgl)}. By assumption, mipm; = mi. We will prove that m; = mipmag
and my = mopmi. Let Ky, == {¢+ (1g — pma)a+ B(ls —map) : o, f € M*}

where ¢ is as above. For any o € K, Lemma 3.1(1) implies that o € {mél)}.
Fix for a while an arbitrary a € K. Then there exist v, 3 € M* such that

a=¢+ (1gp — ema)y + B(ls — mayp). (3)

Observe that ¢, o € {mg)} C {mgl)} implies mymy = miam,. Multiplying (3)
by my from the left and the right we thus get

(m1 — mypma)ymy + m1f(lg — maw)my = 0. (4)
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Since o € K, was arbitrary, (4) holds for any v and § in M*. By taking v =
0, we thus have miM*(1s — map)m; = {0}. Then (1g — map)miM*(1g —
map)my = {0}. Let & = (1g — maw)mi € M. Since M is a regular module,
there exists ¢ € M* with xgx = z. So, zgx = x and xM*x = {0}, which
implies x = 0. It follows that m; = maopm,. Similarly, by taking 8 = 0, we get
(my1 — mypma)M*my = {0}, from which we may conclude that m; = mjpma.
Tt follows that m; <~ mg by Lemma 3.1(2). O

As a consequence of Proposition 2.4, Lemma 3.1(2) and (1) < (2) in Theorem
3.2, we obtain the following characterization for the minus partial order.

Corollary 3.3. Let M be a regular module and my,ms € M. Then the
following are equivalent:
(1) my <7 my;
(2) ls(mg) C lg(mq), rr(mz) C rr(m1), and there exists « € M* such that
mip = miams, Mg = MaQMy.
PRrROOF. (1) = (2) It follows immediately by Proposition 2.4 and (1) < (2)
in Theorem 3.2.
(2) = (1) Assume that lg(msg) C lg(mq), rr(ms2) C rr(my), and my = myams,
my = maame for some a« € M*. Let f = moa € S and a = ams € R. Then
ls — f € ls(mgy) and 1 — a € rr(ms), and thus 1g — f € lg(my) and 1g —a €
rr(my) by assumption. Hence my = fmy = moam; and m; = mia = myiama,

and therefore my; <~ mgy by Lemma 3.1(2). O

For a module M and m € M, let
Di(m) = {p—a:pae{mV}}.
Lemma 3.4. Let m be a regular element in a module M. Then
Dy(m)={f € M*: mBm =0}.

PROOF. Let m € M be regular, and let A := {8 € M* : mfm = 0}.
If ¢ — a € Di(m), then

m(p — a)m = mem —mam =m —m = 0.

Hence ¢ — a € A. Conversely, if § € A, then mBm = 0. Since m is regular, there
exists 0 € M* such that m = mom. Thus m(oc — 8)m = mom — mfBm = m, and
hence o — 8 € {mM}. Since o € {mM}, 0 — (0 — B) = B € D1(m). To conclude,
Dy(m)={8 € M*: mBm = 0}. O
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Theorem 3.5. Let M be a regular module and my,ms € M. Then the
following are equivalent:

(1) mq <™ my;
(2) {ms"}n {mi"} # 0 and Dy (ms) C Dy(my).

PROOF. (1) = (2) By Theorem 3.2, we have {mgl)} C {mgl)}. Since mg € M
is regular, there exists ¢ € M* such that ms = mapma. It follows, ¢ € {m(Ql)} N
{mgl)} and so {mgl)} N {mgl)} # 0. Let now 8 € Di(m3). By the definition
of Di(mz), there exists p,a € {m(Ql)} C {mgl)} such that § = ¢ — «, and so
B € Di(my). Hence Dy(mg) C Dy(myq).
(2) = (1) Since {mél)} N {mgl)} # ), there exists ¢ € M* such that ¢ € {mgl)} N
{mgl)}. We will show that m1 = mipms = maopmi = miemy. From ¢ €
{mgl)} N {mgl)} we get m; = mipm; and mgo = mopms. Hence, on the one
hand,

ma(lr — pma)M*mg = {0},

and so by Lemma 3.4, (1g—¢mso)M* C Dy(mg) C Dy(mq). Again, by Lemma 3.4,
mi(1gr — oma)M*my = {0}, and thus m;(1g — eme)M*my(1g — ¢msg) = {0}.
Let « := m1(1g — pms2). It follows that xM*z = {0}. Regularity of M implies
that there exists ¢, € M™ such that x = xp,x. Hence 0 = xp,xr = x, and so
m1 = miems. On the other hand,

moM*(1g — magp)ms = {0},

and so M*(1g — mayp) C Di(mg) C Di(mp). By Lemma 3.4, miM*(1g —
maow)my = {0}. Similarly, regularity of M implies that m; = mopm,. We may
conclude by Lemma 3.1(2) that m; <= mao. O

Now we are going to define a new relation on modules which is analogous to
the definition of the space pre-order on complex matrices introduced by MITRA
in [6].

Definition 3.6. Let M be a module and my, mg € M. We write m; <g mo

if Sm; C Smo and m; R C moR. We call the relation <g the space pre-order
on M.

With the next result we will show that the minus order implies the space
pre-order.

Theorem 3.7. Let M be a module and my,ms € M. If my <~ mgy, then
my <g ma.
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PROOF. Let m; <~ msy. By Proposition 2.6, there exist f2 = f € S and
a? = a € R such that lg(m1) = ls(f), Tr(m1) = rr(a), fmi = fms, and
mia = meoa. Since mp = mia = moa € moR, we have miR C moR. From
m1 = fmy = fmo € Sy we obtain Smy C Smo. O

The converse statement of Theorem 3.7 is not true in general as the following
example shows.

Example 3.8. Let Zg denote the ring of integers modulo 6, and consider the
ring Zg as a module over itself. For any ring R, since Homg(R, R) & R, we may
take M = R = S = Zg, and also M* = Zg. Let m; = 4 and my = 2 in M.
Since4d=4-4-4and 2 =2-2-2, m; and ms are regular elements of M. Note
that Zg is a commutative ring. From 4Zg = 2Zg we obtain Sm; = Smsy and
m1R = moR. Therefore m; <g mso. Note that all of the idempotents of Zg are
0,1,3 and 4. Observe also 4 is the only idempotent of Zg such that ls(m) = ls(f)
and rr(m1) = rg(a) where f2 = f € S and a®> = a € R, ie., f =a = 4. But
4-4+#4-2 and so fmy # fms and also mia # moa. Therefore, m; £~ mo.

We will now present new characterizations of the space pre-order on M where
M is a regular module.

Theorem 3.9. Let M be a regular module and my,ms € M. Then the
following are equivalent:

(1) m1 <g ma;

(2) lg(mse) Cls(my) and rr(ma) C rr(my);
(3) m1 = mipmo = mapmy for all ¢ € {mél)};
(4) m1D1(mo)mq = {0}.

PRrROOF. (1) = (2) Clear.

(2) = (3) Since M is regular, there exists ¢ € M* such that my = maopms.
Then ma(lg — @ms) = 0 and so 1g — pma € rr(me) C rr(m). Hence we have
mi(lg — oms) = 0, and thus m; = mipma. Also, (1 — map)ms = 0, and so
1ls — map € ls(mz) C lg(my). It follows that (1g — magp)m; = 0, which yields
myp = mapms;.

(3) = (4) Let € Dy(ms). Then there exist ¢, € {mgl)} such that x = ¢ — a.
Since mipmi = mipmsam; = miamsi,

mizm; = my(p — a)my = miem; — mpam; = 0.

Therefore, my D1 (m2)my = {0}.
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(4) = (1) Assume that miDq(mz)m; = {0}. Since M is regular, there exists ¢ €
M* such that ms = maopms. Then mo(1gr —pme) = 0, and so ma(lg —pmeo)a =
0 for any o« € M*. Since ma(lgp — pma)amy = 0, (1g — pma)a € Di(ma).
By assumption, we have mq(1g — ¢msa)am; = 0, and hence

[m1(1r — emz)]afmi(1r — ema)] = 0.

Regularity of M implies that mi(1g — pms) = 0, and so m; = myipms. Thus
Smy C Smy. Similarly, we can obtain m; = mgpm; and so mi; R C myR. Hence
my <g ma. O

The next result follows directly from Theorem 3.9 ((1) < (4)) and Lemma 3.4.

Corollary 3.10. Let M be a regular module and my,ms € M. Then my <g
mg if and only if D1(m2) C Dq(my).

As a direct consequence of Lemma 3.1(2) and (1) < (3) in Theorem 3.9,
we obtain the following characterization for the minus partial order on regular
modules. Moreover, with the next result, with which we conclude the paper, we in-
troduce a condition under which the converse statement of Theorem 3.7 holds.

Corollary 3.11. Let M be a regular module and my, mo € M. Then the
following are equivalent:

(1) mi <7 my;
(2) my <g ma and {mél)} N {mgl)} £ ().
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