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vector field coupled both to the scalar and the Dirac fields. We present the underlying action
and show that the resulting equations of motion are identical to the (hydrodynamic) Euler
equations in the presence of Coriolis force. As a consequence of the gauge invariances of
this action we established the quantum kinetic equation which takes account of noninertial
properties of the fluid in the presence of electromagnetic fields. The equations of the field
components of Wigner function in Clifford algebra basis are employed to construct new
semiclassical covariant kinetic equations of the vector and axial-vector field components
for massless as well as massive fermions. Nonrelativistic limit of the chiral kinetic equation
is studied and shown that it generates a novel three-dimensional transport theory which
does not depend on spatial variables explicitly and possesses a Coriolis force term. We
demonstrated that the three-dimensional chiral transport equations are consistent with
the chiral anomaly. For massive fermions the three-dimensional kinetic transport theory
generated by the new covariant kinetic equations is established in small mass limit. It
possesses the Coriolis force and the massless limit can be obtained directly.
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1 Introduction

Wigner function has been originally introduced in deformation quantization of classical me-
chanics as the substitute of probability density in ordinary quantum mechanics. However,
it may take negative values, so that it is considered as the quasiprobability distribution
which provides quantum corrections to classical statistical mechanics. It is built with the
wave functions satisfying Schroedinger equation [1]. This quantum mechanical formulation
can be generalized to field theory by employing quantum fields to construct the Wigner
function [2]. For spin-1/2 fermions the constituent fields satisfy the Dirac equation. It
turned out that the Wigner function method is a powerful tool in constructing relativistic
quantum kinetic theories of spin-1/2 fermions [3-6].

In heavy-ion collisions quark-gluon plasma is created where the constituent quarks
are approximately massless [7, 8]. Their properties can be inspected within the chiral
kinetic theory (CKT) which leads to an intuitive understanding of chiral magnetic effect
(CME) [9-11] and chiral separation effect (CSE) [12, 13] for the chiral plasma subjected
to the external electromagnetic fields. When the chiral plasma is considered as a fluid, the
chiral transport equations are also useful to study the chiral vortical effect (CVE) [14] and
local polarization effect (LPE) [15-17].

The main characteristics of the quarks in quark-gluon plasma are acquired by consid-
ering them as massless particles. However, it as an approximation. Therefore, studying the
mass corrections is needed. The Wigner function formalism of massive spin-1/2 fermions



yields some different covariant kinetic equations [18, 19], in contrary to the massless case.
This is due to the fact that for massive fermions there are more than one way of eliminating
the irrelevant set of field equations derived from the quantum kinetic equation (QKE).

Although four-dimensional (4D) approach has some advantages like being manifestly
Lorentz invariant, non-relativistic or equal-time formalism is needed if one would like to
solve a transport equation starting from an initial distribution function provided by field
equations [20-22]. Integrating 4D transport equation over the zeroth-component of mo-
mentum is the custom method of constructing the related three-dimensional (3D) transport
equation [6, 22].

Wigner function of spin-1/2 fermions which are coupled to gauge fields is constructed
to be invariant under gauge transformations which leave the Dirac equation intact. The
gauge invariant Wigner function satisfies the QKE which depends on the field strength
explicitly [4, 5]. When one deals with relativistic plasma as a fluid, the vorticity effects
should also be taken into account. Although the magnetic and vortical effects are similar,
the QKE does not explicitly depend on the rotational properties of fluid in contrary to
electromagnetic interactions. Hence, noninertial effects like the Coriolis force are absent.
To overcome these difficulties we proposed the modification of QKE by means of enthalpy
current either for the massless or massive fermions [23, 24]. We obtained the relativistic
transport equations and studied the 3D theories which they generate. The chiral formula-
tion was successful in generating a consistent 3D CKT which does not depend explicitly on
the position vector and also addresses the noninertial effects like the Coriolis force correctly.
The modification of QKE also gives satisfactory results for massive fermions. However, the
modified QKE has not been following from an action in contrary to the electromagnetic
part. Here, we present an underlying Lagrangian which naturally yields the aforementioned
modification of QKE.

3D CKT with the Coriolis force was first presented in [25] by making use of the
resemblance between the magnetic field and angular velocity. Then this formulation was
derived in [26] from the first principles in a rotating coordinate frame. In [26] it was also
shown that spatial coordinate dependence appearing in some CKTs can be removed by an
appropriate phase space coordinate transformations.

In [27] CKT in curved spacetime has been derived from the QKE. There it was shown
that the noninertial effects and the CVE arise when the observer is in the comoving frame of
fluid [27]. In this case our modification terms vanish identically as we have already discussed
in detail in [28]. However, in flat spacetime formalism, to generate the noninertial effects
one should consider the modified QKE. There is an other issue which should be clarified:
obviously the covariant formalism without the modification leads to CVE correctly [17],
so that our modification can be seem to over count the CVE. However, this not the case.
Within the modified QKE formalism of [23] in 4D the first order solutions of chiral fields
are different from the ordinary ones and they generate the CVE correctly as it was verified
explicitly in [23]. When one integrates 4D CKE over the zeroth component of momentum
to get the nonrelativistic CKT, the modification terms turn up to be essential in acquiring
the CVE correctly. In fact, as it will be explained at the end of section 5, the consistent 3D
CKT which results from the 4D formalism would not generate the CVE correctly without
the modification terms.



We deal with relativistic plasma as a fluid whose constituents are fermions obeying the
Dirac equation. We will introduce the vector field 7,,(x) which is minimally coupled to Dirac
fields as the electromagnetic vector potential A, (x). However, it is not a U(1) gauge field.
Equations of motion of the new vector potential follow from an action which describes
fluid dynamics in terms of self interacting scalar field. Although there are some crucial
differences, the action which we consider is mainly introduced in [29]. It is invariant under
a gauge transformation which is not the custom U(1) symmetry. Dirac equation coupled to
the new vector potential is also invariant under this gauge transformation when the Dirac
field is transformed appropriately.

To derive the equation of motion of the Wigner function one employs the equation
satisfied by the Dirac field coupled to vector potential and its gauge invariance [5]. As far as
the Dirac Lagrangian is considered, the form of the gauge transformations related to n,(x)
and A, (x) are similar. Hence, we generalize the procedure of [5] to derive the QKE satisfied
the Wigner function when both of the n,(x) and A, (x) gauge fields are present. Then, we
decompose the Wigner function in the Clifford algebra basis and obtain equations satisfied
by the fields which are the coefficients of Clifford algebra generators. These equations
depend explicitly on the field strengths. Some of these equations can be eliminated and
the rest can be used to obtain kinetic transport equations (KTE). In general, until acquiring
KTE electromagnetic field strength is defined in terms of vector potentials. Once the KTE
are established it is expressed by the electric and magnetic fields which satisfy the Maxwell
equations. However, as it will be discussed, for the field strength related to fluid one may
proceed in two different ways. The first option is to require that the field strength related
to fluid is expressed in terms of vorticity and fluid velocity before deriving KTE. The
second option is to establish KTE first and then express the fluid related field strength in
terms of vorticity and fluid velocity. When the former method is adopted we find the KTE
proposed in [23, 24]. The latter method which is similar to the electromagnetic case will
be the subject of this work. In this case the massless and massive KTE can be obtained
by generalizing the kinetic equations established, respectively, in [30, 31] and [19].

We will acquire 3D kinetic equations by integrating the covariant equations over the
zeroth component of four-momentum. For chiral fermions we will show that a novel 3D
CKT is accomplished in the presence of both external electromagnetic field and fluid vor-
ticity which does not depend explicitly on the spatial coordinates. Moreover, this theory
possesses the Coriolis force term and it is consistent with the chiral anomaly. It generates
the chiral magnetic and vortical effects correctly. When one deals with massive fermions
kinetic equations of vector and axial-vector components of Wigner function depend on the
spin four-vector a* [19]. We provide mass corrections to 3D chiral effects by letting a* be
given with the free Dirac equation for small mass values.

We start with presenting the action which is considered to establish transport equa-
tions of a fermionic fluid interacting with electromagnetic fields. In section 3 we focus on
the part of action which we claim to govern the dynamical evolution of fermionic fluid. In
section 4 we present an outline of the derivation of QKE satisfied by the Wigner function
of Dirac fields coupled to two independent vector fields. section 5 is devoted to the study
of the kinetic equations of chiral fermions in the external electromagnetic fields by taking



into account noninertial properties of the fluid. The relativistic and the 3D chiral trans-
port equations are established. The massive fermions are studied in section 6, where the
relativistic equations are integrated over the zeroth component of momentum in the small
mass limit by approximating the spin four-vector adequately. Discussions of our results
are presented in section 7.

2 Action

To establish quantum kinetic equation for fermionic fluids in the presence of electromagnetic
fields we propose the action

The first term is the Dirac action,
1 4 .
Sp = 3 /d x 1 (thy" 0, —m) 1. (2.2)

We consider two vector potentials coupled to Dirac fields. One of them is the U(1) gauge
field A,

So=-Q [ diz by Ay, (2.3)
whose dynamical equations are generated by
1 4 v
SE]\/[:_Z/CZ:EF“ FUV' (24)
@ is the electric charge and
F,, =0,A, —0,A,, (2.5)

is the field strength of the U(1) gauge field which is invariant under the gauge transforma-
tion

Ay(z) = Ay(z) — 0 (). (2.6)
The other one is the real four-vector field 7., whose coupling constant is (,
Se=¢ / d' )y 0. (2.7)
7 is also coupled to the complex scalar field ¢, as follows,
So=3 [ A 100 — "6 (96— inad) =V (5%0)]. ©8)

In the next section we will clarify how the scalar field ¢ and the vector-field 7., represent
the fluid. We work in Minkowski spacetime with g, = diag(1, -1, -1, -1).



3 Fluid
In this section we will describe how the variation of the action
Sg :S¢—|—Sc, (3.1)

with respect to 1, and ¢ fields generate effectively the Euler action of a fluid with Coriolis
force, whose constituent particles are Dirac fermions. The scalar field ¢ is the mean field
which represents fluid. The vector field 7, is an auxiliary field which will be fixed as in (3.21)
below, hence it is considered only at the classical level. Our formulation is mainly inspired
from [29], where a covariant action was proposed to describe magnetohydrodynamics as a
field theory. However, we are interested in expressing the vector field 7, in terms of fluid
variables like the enthalpy current. In contrary to [29], in our formulation hydrodynamical
quantities are not considered as variables. They will be related to the independent field
variables 7)., ¢ by some other means as we will discuss. Therefore we do not need the
constraints considered in [29)].
Let us first write the complex scalar field in terms of two real fields:

b= o€, (3.2)
Plugging this definition into the action (2.8) yields
_ % / 02 [0°0000 + 07 (06 — ") (Bup — 1) — V(0?)] (3.3)
Observe that it is invariant under the gauge transformation

Na(r) = Na () = OaM(2),  @(x) = p(x) = A(z). (3-4)

After expressing Sy as in (3.3), variation of S with respect to ¢ generates the following
equation of motion

Oalo? (9% —n™)] = 0. (3.5)
On the other hand variation of S with respect to the 7, yields

o (0% —n™) — CYy*y = 0. (3.6)

The mean value of particle number current density operator of the Dirac particles can
be expressed in the form

= (7)) /d4qq z,q). (3.7)

Here, 1,2, zﬂ are operators and colons denote normal ordering. The exact form of the
distribution function f(x.q) can be obtained from the Wigner function satisfying QKE [2].
One can also describe this system as a fluid. For this purpose let us introduce the fluid
four-velocity uo = dxo(7)/dr, where 7 is the proper time and z,/(7) is the worldline of a
fluid element, so that it satisfies

u“uy = 1. (3.8)



It can be used to decompose the momentum four-vector as ¢* = (u - q)u® + ¢, where
g1 -u = 0. Then, due to the momentum integral in (3.7), one gets

J% = nu?, (3.9)

where n is the particle number density. In principle due to the motion of medium, particle
number current density can have an anomalous parts. For example due to rotations there
would be a term which depends linearly on the vorticity of the medium. However, we
ignore the anomalous contributions to current because we consider only classical fields. In
the classical field (mean field) approximation the quantum field & can be considered as
a collection of wave-packets constructed by the solutions of Dirac equation. Then, when
we deal with fluids composed of spin-1/2 particles, a fluid element which contains a large
number of particles but compact enough such that they behave homogeneously, can be
taken to coincide with one of the wave-packets. Therefore, in the mean field approximation
we can write

Py = nu®. (3.10)

Now (3.6) can equivalently be written as
nu® = ¢ 1a? (0% — 1), (3.11)
and (3.5) states that the particle number current density is conserved:
O (nu®) = 0. (3.12)

In fact, in relativistic fluid dynamics particle number current density without dissipation
is given with (3.9) [32].

Equipped with these relations we may now discuss why we consider the action (2.1).
The kinetic theory of a neutral plasma can be described in terms of the relativistic scalar
electrodynamics with two scalar fields ¢; and ¢o which are macroscopic wave functions
representing the negative and positive charge carriers [33, 34]:

Snp = / 'z ||0adr +iQAad1|* + |0ads — iQAabol* = V (61, 09)| + Sear. (3.13)

If one would like to represent neutral plasma in terms of one scalar field ¢ instead of ¢; and
¢2, it cannot minimally couple to A,. Then, it should interact with electromagnetic fields
in a complicated way [29]. In fact (3.6) represents this interaction because the variation of
the action (2.1) with respect to A, shows that (3.7) is the current which describes how the
electromagnetic fields will evolve in plasma:

auFMV - Q&%Tﬂ (314)

By inspecting (3.11) we see that interaction of the fluid with electromagnetic fields is

exposed by setting
¢

L . I

8, Fre. (3.15)



In fact by inserting (3.14) and (3.15) into the action (3.1) we get

2

Sp = / d*z {; (0°00a0 = V(0?)] + é(@uF“a)ﬁago - 2624202(auzwa)(avm)} . (3.16)
This shows that scalar field components couple to the derivatives of the electromagnetic
fields which would be calculated from the Maxwell equations (3.14) whose charge and
current distributions are due to the charged fermions. Hence, the interactions between the
scalar field and electromagnetic fields are sensitive how the electric and magnetic fields
change spatially and temporally.

Variation of Sp with respect to o leads to

%000 + 0 (0% — %) (O — 1) — V' (6%) = 0, (3.17)

where V' is the derivative of V with respect to its argument. As in [29] we assume that
amplitude of ¢ varies slowly so that the first term is neglected compared to the second one.

Thus we get
(0% = 1) (Bap — Ma) = V%, (3.18)
where we defined
v =V'(0?).
Using (3.11) in (3.18) yields
n?¢? = o2, (3.19)

so that one can express n as a function of the real scalar field o as

O'2V

n=-—. 3.20
R (3.20)

Plugging (3.20) back into (3.11) leads to
0% — N = vu®. (3.21)

By taking the derivative of (3.18) and employing (3.21), we attain

vu®(030ap — ONa) = vOpu. (3.22)
Let us write it as
vu®(0a08¢p — Oang — Wap — wpa) = v0pv, (3.23)
where we introduced
Wpa = IpNa — Dall, (3.24)

and
Wag = 8(185(,0 - 8@8a(p.

Obviously W,z vanishes for ordinary functions but in it can also be different from zero [29]:
¢ is the phase of scalar field ¢, (3.2), so that it is defined up to some functions 0(x) =
(01(z),02(z), - - - ) satistying

(@) =1,



Hence, along some 6y (x) = 0, curves, the mixed partial derivatives of ¢ can fail to be
continuous. We can ignore the singular curves and set W,z = 0 without loss of generality.
Nevertheless, we can also consider singular cases where the following condition is satisfied,

UOWos = 0. (3.25)
Now by taking the derivative of (3.21),
00089 — Oang = ug0aV + vOaug,
and using it in (3.23) we obtain
vu®(uglaV + V0aug — W) = vOgV. (3.26)
As far as v # 0, it yields
vu®Oqug = 0gv — uugOal + u*wgay. (3.27)

Acceleration which is defined as the derivative of the velocity u, with respect to the proper
time 7, can be calculated by making use of (3.27):
dug _ Ogv OV u*wgq

(0%
- . 2
U @aug > u-ug » + > (3 8)

Let us compare (3.28) with the (hydrodynamic) Euler equations

dug _ 9P
dr  p+P

P Fp
p+P p+ P’

[0}

—Uu ’LLﬁ

(3.29)

where p is the energy density, P is the pressure. They are related to the specific enthalpy

h as nh = p+ P. Here F, is an external force which can be the gravitational force,

electromagnetic force and the “fictitious” force such as the centrifugal or Coriolis force [35].
Except their last terms, (3.28) and (3.29) are identical if

AP dv

_— =, 3.30

p+P v (3.30)
From the first law of thermodynamics one knows that

dp p+P

— = 3.31

o — (3.31)

for the fluids of only one kind of particle whose total number is conserved and without heat
exchange. Suppose that (3.30) is satisfied, then by making use of (3.31) we have

dp+P) p+P dPdv _p+P p+Pdv
dn n dvdn  n v dn’

(3.32)

It can be expressed as
dip+P) dn  dv
i P + > (3.33)



By integrating it
p+P

v=&——=¢h (3.34)
n
follows, where £ is a positive constant of integration.

We need to express v analytically in terms of fluid’s parameters by respecting the
equality (3.34). Let us consider the equation of state P = (y — 1)p, where v > 1 is the
adiabatic index. This relation can be taken as the definition of an ideal fluid [35] and it is
consistent with the equation of state resulting from the field equations by choosing V (0?)
adequately [29]. Then, we can write

p
h=~51. 3.35
v (3.35)
By plugging it into (3.34) we get
v=¢L, (3.36)
n

with ¢ = £v. In the mean field approximation we identified a fluid element with a wave
packet. Hence the proper energy density can be parametrized in terms of the momentum
p* of the wave packet center as

)
E_u-p 3.37
o= U (3.37)

Therefore, we write
v==~Eu-p. (3.38)
From (3.21) by setting W,z = 0 or employing the condition (3.25), we get

uwapg = u® [05(vua) — Oa(vug)] = €'Ks. (3.39)

Let us demonstrate that Kg = u® [0g(u - pua) — Oa(u - pug)], is the relativistic generaliza-
tion of Coriolis force per particle. We consider vanishing linear acceleration

u®Oqug =0, (3.40)
so that the fluid velocity can be taken to satisfy
&ﬂbﬁ = —85ua. (3.41)

Thus we write
Ks = p“0puaq-
Fluid vorticity four-vector is defined as

1

wﬂ:iwm%hy@, (3.42)
where 1
Qap = i(ﬁau/g — Oglia), (3.43)

is the kinematic vorticity tensor. Therefore we get

Ks = €gauut'w”p™.



In the frame u® = (1,0), w® = (0,w), it becomes Kz = (0, k) with
K=pxw.

Hence, we conclude that the last terms of (3.28) and (3.29) are identical where
Fy =nyKa,

is a relativistic extension of the Coriolis force in a rotating coordinate frame.
From (3.39) and (3.38) we have

wap = & [(Opu - p)ua — (Do - p)ug] + ku - p (Jpua — Daug) - (3.44)
On the other hand, due to the vanishing of linear acceleration, (3.40), we observe that
u® (Oguq — Oqug) = 0.
Hence, (3.39) is satisfied for an arbitrary constant x, which can be even zero. By introducing
wh’ = (Hu®)pau” — (8" u®)paut, (3.45)

wy, can be expressed as
wh = wl’ + k(u - p) Q. (3.46)

It is worth noting that &, s are arbitrary constants and w*” is the circulation (vorticity)
tensor for k = 2, and £ = 1, i.e. ¢ =+, [35]. Therefore, we come to the conclusion that
the scalar field ¢ and the vector field 7, represent the fluid composed of the Dirac particles.
Moreover, the field strength of 7, is given by (3.46) when the equations of motion resulting
from the variation of S with respect to ¢ and 7, are satisfied.

4 Quantum kinetic equation

Let us return to the initial action (2.1) without imposing the equations of motion derived
from (2.4) and (3.1). Now, we would like to examine the action of Dirac field coupled to
the vector fields,

1 - .
Sy =Sy +Sg+ S = §/d4x¢['y“(zh8u il — QA — m). (4.1)
It generates the Dirac equation
(Y (i, — Cnp — QA,) — mly =0, (4.2)

which is invariant under the gauge transformations (2.6) and (3.4), when the spinor field
transforms as

Y(x) — A@FTRA@) /gy (). (4.3)

The Wigner operator is defined by

W(z,p) = / dy e VM(z)ex? " @ e 3 Vy(x), (4.4)

~10 -



Here, 1(x) and () are operators and ® represents tensor product. The Wigner function
is defined as the ensemble average of the normal ordered Wigner operator:

A

W(x,p) = (:W(x,p):). (4.5)

To derive the kinetic equation satisfied by the Wigner function we proceed as it was
done in [5]: the Wigner operator defined in (4.4) fails to be invariant under the gauge
transformations (2.6), (3.4) and (4.3). To define the gauge invariant Wigner operator one
introduces the gauge link

1 1
U(A,m; @1, 2) = exp [—in“ / dsAu(:szrsy)} exp {—ié’y“ / dsnu(x2 +sy)|,  (4.6)
0 0
where ' =z + y#/2, xb = 2# — y#/2, and insert it into (4.4):

Wap) = [ diye i)V (A iz, o2) © (). (4.7

By making use of the Dirac equation (4.2), one can show that the Wigner operator, (4.7),
satisfies

[y (p— ;ih@) —m|W (z,p) = —ih@;/d‘ly e PV (21)®
[ as1-5) (@B wtsy—p/2 + o tsy—y/2) (49

U(A,n;xl,m)]wm),

where 0/ = 9/0p,,. Fj, and wy,, are defined by (2.5) and (3.24). We consider the mean
field approximation, so that the field strengths F,,, w,, are c-valued fields. Following [5]

we write
fla+sy—y/2)] = 720 f ()
and employ the relation
/ d'ye PV f(y)g(y) = f(ihd,) / d'ye "V g(y),
to express the right-hand-side of (4.8) as
zhfol ds(s—l)e(s_lmm‘%'a (QFM,,(QT)—I-CwM,,(:E))agfd‘ly e_ip'y/}i?/;(m1)®U(A,n;x1,:c2)'y,,w(x2).

One expands the exponential as power series and perform the s integration. Then by
taking the ensemble average of (4.8), the quantum kinetic equation satisfied by the Wigner
function is established as

[fy . (7r + ?D) — m] W(z,p) =0, (4.9)

with
Dt = 0" — jo(A) [QF™ + Cw!”] Opu,

h
m=p! — §j1(A) [QF" 4 Cw"] Opy .

- 11 -



jo(z) and j;(z) are spherical Bessel functions in A = %81, - 0p. The space-time derivative
0, contained in A acts on [QF" + (w"], but not on the Wigner function. In contrary
0, acts on the Wigner function, but not on [QF" 4 (w"”].

The Wigner function can be decomposed by means of the 16 generators of the Clifford
algebra

1 1
W= (J-' + VP + AV, F AL+ 20””8;“/) , (4.10)

where the coefficients C = {F,P,V,, Ay, Sy}, respectively, are the scalar, pseudoscalar,
vector, axial-vector, and antisymmetric tensor fields. We expand them in powers of Planck
constant and keep the leading and next to the leading order terms in h. Hence in (4.9) one
sets m, = p, and substitutes D, with

V=0 — [QF" 4+ (] Oys. (4.11)

Plugging (4.10) into (4.9), yields complex valued equations whose real parts are

p-V—-—mF=0, (4.12)
B~
p,LLf - §VVSV;L - mVH = O, (413)
h~ 1
—5 VP + iemﬁp”saﬁ +mA, =0, (4.14)
h ~
Qv[ﬂvl/] - Elwaﬁpa“‘lﬁ = mSu =0, (4.15)
h -
§V-A+m77:0, (4.16)
and the imaginary parts are
AV -V =0, (4.17)
p-A=0, (4.18)
B~
5vuf +p"S,, =0, (4.19)
h v cafl
p,uP =+ Ze,uyozﬁv S = 0, (420)
h = /8
p[,u,Vu] + Ee,uuocﬁv A7 = 0. (421)

To derive QKE (4.9), we started from the Dirac equation (4.1). Then in getting (4.8)

we had to introduce F},,, and wy,, which are defined in terms of the gauge fields as in (2.5)

and (3.24). The equations of motions following from the action (2.4) give the Maxwell

equations when one can expresses the field strength in terms of the electromagnetic fields
E,, B, by

FH = Efu” — EYul 4 € *Puo B, (4.22)

where u,, is the fluid 4-velocity. Similarly, when the equations of motion discussed in
section 3 are imposed, one deals with the Euler equations (3.29), where w,, is expressed
in terms of vorticity and energy per particle as in (3.46). However, when the equations of

- 12 —



motion following from (2.4) and (3.1) should be imposed? We have two options: i) Obtain
the kinetic equations which the field components of Wigner function, C, satisfy and then
impose the equations of motion. #i) Impose the equations of motion from the beginning
and then derive the kinetic equations satisfied by the fields C. Our previous works [23, 24]
are consistent with the latter option for 7,. Although we kept F),, as in (2.5), w,, was
expressed in terms of enthalpy current, (3.44), and then derived the kinetic equations
satisfied by the fields C. Here, we adopt the former option for both of them: we use the
definition of wy,, in terms of the 7, fields, (3.24), to establish the kinetic equations and
then apply the equations of motion yielding (3.44). Similarly, F},, is given by (2.5) until the
KTE are derived. Afterwards, we express it in terms of the electromagnetic fields, (4.22).
Once we choose this method the semiclassical kinetic equations can directly be read from
the known ones [19, 30, 31, 36], by substituting QF),, with QF},, +(w,,, as it will discussed
in the subsequent sections.

5 Chiral kinetic equations

For vanishing mass the equations of A, and V,, decouple from the rest. They are given
by (4.12), (4.15), (4.16) with m = 0 and (4.17), (4.18), (4.21). Let us introduce the chiral
vector fields

1
Tt = S0 +eA"),

where x = 1, and xy = —1, correspond to the right-handed and the left-handed fermions.
They need to satisfy

pujf =0, (51)
VAT =0, (5.2)
hﬁ;u/ap@ajxp = _2X(p;m.7xy - piju)- (53)

The chiral kinetic equation which results from (5.1)—(5.3) can be acquired by generalizing
the formalism given in [30, 31, 36]. First, one can verify that the solution of (5.1) and (5.3) is

h /
Tl =" f0(0°) + 5X6’“’aﬁ (QFap + Cwap) P f8' (0°)
+ xS0 (Vi 18 (0%), (5-4)

where 0'(p?) = —6(p?)/p? and fy(z,p) = f(x,p) + hfi(z,p) is the distribution function.
n* is an arbitrary vector satisfying n? = 1 and

1
2n-p

v
Sffl) = PP ong.
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Then, by inserting (5.4) into (5.2) one acquires the chiral kinetic equation:

F}w v 0" py, -t
5<p2+hXQ”“ Pv g 2P ){p.v

h ~ h .
XQ SW PV, — ﬁewp(auny)pwp (5.5)
h h ~
+ nxisﬁgwuﬂ” v, X S%(auna)pavu}fx =0
where F em,apFap and w,, = %ewapwo‘p, are the dual field strengths.
Until now we have w,,, = 0,n, — 0,1, because 1, was off-shell. Now, we impose the

equations of motion (3.11)—(3.17), thus wy,, is given by (3.46). In the rest frame of massive
fermions energy per particle is m. Therefore, in the massless limit we set k = 0, and write

QM |m=o = kwe” = k[(0"u)pau” — (0" u)par’], (5.6)

where k = —(k is an arbitrary constant which will be fixed. Now, (5.5) is the chiral kinetic
equation where the vorticity and electromagnetic tensors are treated on the same footing.

5.1 3D chiral kinetic theory

To establish the 3D chiral kinetic theory we write the covariant transport equation (5.5)
in the comoving frame by setting n* = u#,

) (p + AxyQ—— upt” g Y+ khyu, 0% pl,> {p -V
hxQ ¢ = X &
+ Tpsu Fupupvy — ﬂpuﬂ“ VV (57)

hx v v hX v e
+ ku—pS” WeppuV, — o S” (Ouua)p Vy}fx = 0.

We defined e, = %Euuapwgp and

S =

5 _pe“"””ppug. (5.8)

Obviously, u,wg” = 0, and due to the fact that linear acceleration vanishes (3.40), we have

(07

weppu? = (Oua)p®.

Thus, (5.7) can be written as

B hx h
(5<p2—th1;p>{ VA QS“”E v, ——X LN+ (k1) XS’“’QWpaV }fXO
(5.9)
where E,, and B, are the external electromagnetic fields. Kinetic vorticity tensor €2, can

be expressed as
Qs = €uapuw’ (5.10)

and its dual is Q" = w,u, — u,w,.
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To establish a 3D CKT we would like to integrate (5.9) over pg. To perform this
integration we decompose the distribution function into particle s = 1 and antiparticle

s = —1 parts,

p)= Y O(su-p)fi(z,p).

s==+1

Moreover, we choose the frame
¢ =(1,0) and w* = (0,w),

where the delta function yields the dispersion relations
s =slp (1-mQzE).

Let us also introduce the canonical velocity

X

B
vi= -2 <1 + sth > — hx@ .
p Ip |3 2|p|?

(5.11)

(5.12)

(5.13)

(5.14)

As we show in appendix A, integrating (5.9) over py leads to the transport equation

B d ) w-E p~wp-E>
X _~ X, -9 r =Ly - s
( A 8t+(\/ﬁm) o —— (/D) ap+hst pE hsx@ [ fi(t,z,p)

where
X P
NG 1+h5x, 2 —I—h QQ’ e
1 Kk 1 £ .
(VnE)¥ = vl + hsy ( ) + hisx ( ) %p
Ip| 2/ |pl
B Exp
+ Qo T IXQ—
2|p|? 2|pl3

(VDY = SQE + klplv} x w + sQu} x B
b w

P
2|pP

+ oY E.

+ hsxQ’E - B e

We ignore the O(w?) terms.
The chiral particle (antiparticle) number and current densities are defined by

3
x_/ d’p NG s
d®p sExp

d eq,s eq,s
3= [ o )(\quw/ i

where [ = f3(t,x,p).

~15 —
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(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)



To accomplish the continuity equation satisfied by the 4-current density jX* = (n¥, jY),
let us calculate

C = / &p {gt Vil + a‘l (V)X f] + ;p [(V/7p)X f;]} . (5.21)

Observe that (5.16) and (5.17) do not depend on time and spatial coordinates explicitly,
so that we have

C:/dSP{( 055 T (Vi) —+(fp) > + (‘[p) fS}

By employing the transport equation (5.15) one gets

3 w-FE p-wp-E s
c= [ & l‘h (T -2 )]f (522
The derivative of (5.18) leads to
[an 2 fS—hst/d?’ (7 22
p| p|
+ 27hQ*yE - B / d*pé(p) f5. (5.23)

By substituting the first term in (5.22) with (5.23) one finally attains
C = 2nhQ*\E - B/d?’pd(p)fj(t, x,p). (5.24)

On the other hand the last term of (5.21) vanishes because it is a total derivative, thus the
continuity equation is deduced:

ony L X@Q?
ot "V 95 = Ganp

22 __E-B [%(t,x,0). (5.25)

Let us introduce the vector and axial-vector currents
jV = jR + jLa jA = jR - jLa (5-26)

where jrp = Y, 41 7) and j, = S._414: . Let us choose the equilibrium distribution

function as 1

feq7s _ .
X 68(52‘—ux)/T +1

Here p, = p+ xps, where p, us are the total and axial chemical potentials. By inspect-

(5.27)

ing (5.17) one observes that the currents are linear in the magnetic field and vorticity:

Jv =EsB + {w, (5.28)
Ja =& B + §5w. (5.29)

The coeflicients of the magnetic field are calculated as

Qs QN

s =g 22

§B5 =
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Thus the magnetic terms in (5.28) and (5.29), respectively, generate the chiral magnetic
and chiral separation effects. The vorticity terms in (5.28) and (5.29), respectively, generate
the chiral vortical and local polarization effects correctly for

ufts N G

&= =6t o

= (5.30)

However, the coefficients £ and &5 depend on k. One can show that (5.30) results as far as

the condition
2 + k =1 (5.31)
3 3 ’
is satisfied. This yields £k = 1. This value of k is in accord with the formalism considered
in [23].
We do not deal with the equilibrium distribution function for a rotating fluid because
in constructing the CKE (5.7) we have not considered rotation of the reference frame. How-
ever, in the absence of modification terms one should work with the equilibrium distribution

function of a rotating fluid in the comoving frame of the fluid [36, 37]

1
eS(U'p*MX+gS“V@Luu)/T 1 ’

[ = (5.32)
where S is given in (5.8). In the frame u® = (1,0) and w® = (0,w), the distribution

function (5.32) yields
1

es(g;(*/lx*hxﬁ'w/Q)/T —+ ]_

foas = (5.33)

If one adopts this equilibrium distribution function the values in (5.30) are acquired when
the condition
> + k =1 (5.34)
6 3 ’ ’
is fulfilled, which yields & = 1/2. Obviously, for the original CKE where & = 0, the
condition (5.34) cannot be satisfied. Therefore, we conclude that without the modification
the 3D formalism obtained from (5.7) does not generate the CVE correctly. This result is
pertinent to the transport equation in Minkowski space with the condition n, = w,, where
u,, and w,, are given as in (5.12). Obviously, one can choose either n, or u, in a different
manner, e.g. u, = (1,2 X w). For each choice one should derive the resulting 3D transport
equations by integrating (5.5) over pg.

As it was mentioned in Introduction there also exists a curved spacetime formulation
of chiral kinetic equation [27] where the Coriolis force and CVE are generated correctly
without a need for modification. However, this formalism leads to a 3D kinetic theory which
depends on x explicitly [28], in contrary to the 3D kinetic theories obtained here (5.16)—

(5.18) or as it has been derived in [23].

6 Kinetic equations of massive fermions

The equations (4.12)—(4.21) which should be satisfied by the components of Wigner function
in Clifford algebra basis are reducible: the field equations (4.12), (4.15) and (4.16) can be
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employed to express the fields F, P, Sy, in terms of the vector and axial-vector fields,
Vyu, Au. Following the procedure given in [22] and [19] the rest of field equations (4.12)—
(4.21), can be shown to yield

p-A=0 (6.2)
(p2 - m2) V,u = _h(QF,ul/ + Cwyy)Ay, (63)
h ~
pl/V,u - p,uvl/ = 6§€;wpavpu40, (64)
2 2 no__ h nvpo v
(p -m )A = 5¢ Po ViV, (6.5)
= h
P VA" + (QF" 4 Cu™) Ay = 577 (Q0 Fay + oCwpy) AV, (6.6)

where at most O(h) terms are taken into account. We can derive the semiclassical kinetic
equations resulting from (6.1)—(6.6) by substituting QF),, with QF}, + (w,, in the for-
malism which has been given in [19] for ¢ = 0. First one solves (6.3), (6.4) for V,, up to
h-order, then uses it in (6.1) and gets the kinetic equation of the vector field:

2 2 Ry 2 02 La HY n V
5 (6" =m?)p-V sy + 06 (p m){<p.n5a<n>(QFw+<w“a)+5“Sa<">) vy

. ] PN
Sy Ou(@QEpy + Cwon) O + Vi () (Vita + QFva + Ctia

2 b (6.7)
+ 1% (04 (QFp + Cwp) B + [Vt — (QFp + Cwp) 0500l %)] } fa
I o QY+ ) T ) 4 F 0o 3] = 0.
Here fy, fa are vector and axial distribution functions.
St = gy aone )

is the spin tensor and a, is the spin four-vector which is defined to satisfy the constraint
a-p=p>—m? (6.9)

To derive the other kinetic equations which are needed to determine the dynamical degrees
of freedom fv, fa,a,, one solves (6.2) and (6.5) for A" up to O(h) with the help of Wigner
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function of the quantized free Dirac fields [19]. Plugging this solution into (6.6) leads to

5 (p*=m?) (p-V (@"fa) + (QF"+Cu™)ay f2)

Sty (@Fag+Cwag)n” ) .

2 2 wQpv 8 o av
+hd (p m){p St O (Fau+Cuwg,) 0 +p (aasm(n)Jr P

el I mPngtmpy o ) )
topmam) | ptm (QF o+ CWao )" —8a(p-n)]+m? (Dang)| V. § fv (6.10)
) (P panp(QFP+C0™?) — (mPng +mps ) (QF**+ () )p-V fir =0
(p-n+m) ,
where X
Sn) = 50 € Pelle (6.11)

™2 p 4+ m)
Once we get these kinetic equations, we impose the equations of motion resulting from (2.4)
and (3.1). Thus, from now on we deal with F),, expressed in terms of the electromagnetic
fields E,, B, as in (4.22) and the field strength w"” expressed in terms of the vorticity
w, and the energy per particle u - p, as in (3.46). To keep the discussion general let us

introduce
Cwt = Awl” + 2eu - p QH. (6.12)

How to fix the constants € and A will be discussed later. By making use of (5.10) and the
Schouten identity, (6.12) can be written equivalently as

Cwh = e Pw,(u - pug(2e + A) — Apy). (6.13)

The kinetic equations (6.7) and (6.10) form the 4D collisionless kinetic theory of massive
fermions in the presence electromagnetic fields and vorticity. We would like to derive the
nonrelativistic kinetic theory arising from this covariant formulation. For this purpose let
us extract the scalar kinetic equation stemming from (6.10) by projecting it on n,,:

m(n)

50— ), [p-V (@ £4)~ (QF +Cwt)ag fa] +hlp-n-+m)o(p—m?) [(aosw ¥,

+p.n+m(QF;LG_‘_Cw#U)SZI(jn)@V—i_SZl(/n) [au(QFaV"i_Can)]ag] fV (614)
+hm(5(p2_m2) e;woap(mn +p )(8an )@va_hél(p2_m2)panﬁ(QF~vaﬁ+Cwaﬁ)p.ﬁfV:0.
2(np—|—m) [ 12 P

We will show that (6.7) and (6.14) can be combined to derive scalar kinetic equations which
generate correct dispersion relations of Dirac fermions coupled to electromagnetic fields in
a frame rotating with the angular velocity w.

6.1 3D massive kinetic theory

To establish the 3D kinetic theory arising from the relativistic kinetic equations (6.7)
and (6.14), one should determine the form of a,, consistent with the kinetic equations and
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the constraint (6.9). However we are only interested in attaining small mass corrections to
the chiral effects. Hence, let us deal with a, derived from the Wigner function of the free
Dirac fields [19]. In this case it is defined to satisfy

a-nfa=@-n+m)fa, aiufa=piufa—msSy, (6.15)

where S, is the spin four-vector of the Dirac wave-function and a; -n =p, -n = 0. Thus,
it can be expressed as
ay = mmny + py — mSy.
S-p=p-n+m,so that (6.9) is fulfilled. Moreover, let S, be given as in the massless case:
GH — _Dbip fa.
p-n

Therefore, we set
o= (1+ ) b (6.16)

Because of dealing with a, at the Zeroth-order in electromagnetic fields and vorticity, we
need to keep the terms which are at most linear in F,, and w,,, in the kinetic equations (6.7)
and (6.14). For simplicity, we consider the fields satisfying 0,F,, = 0 and d,w, = 0.
To establish the 3D kinetic theory by integrating over pg, we have to work in the
comoving frame by setting
Ny = Uy. (6.17)

Let us accomplish the kinetic equations following from (6.7) and (6.14) in the comoving
frame (6.17), by keeping at most the terms linear in E,, B, and w,. The kinetic equation
of the vector field (6.7) reads

§(p* —m*)p- Vfy

SHV l/,u,a,B
2 ov a(u) ay o
+ h(s(p m ) ((9 Sa(u ) D-u (QE,M + AQuocp ) hm 2(u p) Uﬁpa(auuo) Ovfa
I -m?)
2z WPt mIQB p+20(u-p)w-p)p-0fa =0, (6.18)
with the spin tensor
pv uvpo m uvpo
Sy = o _pe Pplo + 72(11 : p)2€ Ppllo-

The left-hand side of (6.14) can be written with an overall (u - p + m) factor which is
obviously nonvanishing. Hence (6.14) yields the kinetic equation

5(]92 —7712) lp'?fA — m ((8QUﬂ)papB —p“quF’“’) fA]

Sﬁ,‘fu wop (g,
RO (p*—m? )[@ S+ QB+ AQuap”) + W(m Uu"‘mpu)]aufv
5/ 2 .2
—W[QB-p+2a(u-p)(w-p)]p-8fv=0- (6.19)
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By expanding the denominators for small mass with m/u-p < 1, and ignoring the m?/(u-p)?
and higher order terms, (6.19) can be written as

~ m
3(p* —m?) |p-Va+ sQE - pfa
(u-p)
+ hé(p* — m?) (0,57 + (1 - )SZI(/“) (QE, + AQ,ap™) + MPu Gy | g, i
7 w-p)pou e (u-p)? ’
m 5 2 m?
n (1= P D gp o gyl O =0 (6.20)
u-p u-p
In the small mass limit we have
4 1 vV po m vV po
S’r’jl(u) ~ 2 'pEM p PplUe — WG“ P Pplo-
Then, by summing and subtracting (6.18) and (6.20) we acquire the kinetic equations
. B -
1) (p2 —m?— Xth — 2exhp - w) {p -V
u-p
- xweﬂ”aﬁpa |QusEy +u-pQys + (A = Dusuop® |0, (6.21)
h
vaf o
- XWGM m{pauﬁ(QEy + A Quep7) —u 'pquaﬁ} Oy
h m
. pvaf w5, 0° 0, — ———QF - =C
Au-pppc PP 20 p}fx (=
where
ho (p2 — m2) vo o
CX = —Xw€u B m Do [Qﬂﬁ -2 Qlw'p U/B:| 81,
1 a
- Wm[pa“B(QEu + AQuep”) —u- pp,uQaB} Oy
m
E.
—mé'(p® —m?)(Qp- B+ 2e(u-p)(p-w))p-dfy. (6.22)

Here fy = fr/r = (fv+xfa)/2 are the right-handed and left-handed distribution functions.
The right-hand side of (6.21) vanishes for both m = 0 and & = 0, but its left-hand side is
non-zero whether A = 0 or m = 0. Moreover, the distribution functions appearing on the
left- and the right-hand sides possess opposite chirality. Hence we can consider (6.21) as
the transport equation of f, which shows up on the left-hand side where its right-hand side
is due to presence of the opposite chirality distribution function f_,, for massive fermions.

To derive the nonrelativistic kinetic equations by integrating (6.21) over pg, we consider
distribution functions composed as in (5.11) and choose the frame u, = (1,0), w* = (0,w).
In this frame the Dirac delta function yields the dispersion relations

s = sEp[1—sxh b- (QB + 2cEyw)], (6.23)
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where E, = /p? —m? and b = p/ 2ES. Calculation of the pg integral yields

(Vi gy + (Ve + (VB 51 ) B2 p)+ @B (69) =y, (621

where

VIS =1+ hxb - (QB + (2B, + mw), (6.25)
(Vi) = Ep{l L omQb- B+ 5 [2XEp(2 + (1= ) + (x + Lm] b-w |
+mxQ(1- E—p)E x b+ hixs (1 - %)Ei
— hw(b - p) (2E (XA +1) +x(1 = 4)), (6.26)
(VD) = SQE + - x [eQB + (2 + A) Eypw) . (6.27)

P

The right-hand side of (6.24) which vanishes for m = 0 can be considered as the correc-
tion terms due to the presence of opposite chirality fermions in the massive case. Terms
which vanish for m = 0 can also be interpreted as collision terms due to interaction of
electromagnetic fields and vorticity with the spin of massive fermions [38].

Let us fix the values of ¢ and A. Comparing the dispersion relations (6.23) with the
Hamiltonian of Dirac particles coupled to the magnetic field in rotating coordinates in
the helicity basis [24, 39], one observes that ¢ = 1/2. Similar energy relations were also
obtained for chiral particles in [27, 40]. Now, by inspecting (6.27) we see that A = 1 for
reproducing the Coriolis force correctly. This choice is also consistent with the massless
case considered in the section 5.

Inserting the spatial velocity (6.26) into the following definition

X—/ PR )X fes, (6.28)

where f¢%° is given in (5.27) by substituting £X with (6.23), we write the particle number

axial-vector and vector current densities as
A=) x5, dv=>_ 3k (6.29)
sX sX
They can be decomposed as follows
Jay(x,t) =58 B +5% w, (6.30)
with

o ] / D Ipl2 plfe+A-1)  @BA-Dlpl'm _mlpl*)
AV 2m2p? 3E3 12E4 282 )4

f B |p’ 8fAv
VAT 3E2 OF,

(6.31)

Ipl m
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where fgy are defined by

1 1
0 _
Fay = Z { Bl T 1 & oo lBrrnl/T 1} : (6.32)

For the sake of simplicity let us deal with pr = pu, = p. While o7 vanishes under this

condition, oy is
2

—w m / m

at zero temperature. By performing the integrals at zero temperature, the coefficients of
axial-vector current density are calculated as

1 /
B
T4 120 2m2R2 =m0 (e = m),
_ 1 243+ A4 m?
w = ]2 2 2R A _1"
TA 120 w2R2 l# . m( 6 (34 1)24,u3

m2 (6.34)
)

—m?In <u/m +\/p?/m? — 1)
o7 is in accord with the one derived by means of Kubo formula [41-43]. Fore = 1/2,A =1
1 3 m3 2m  m?
9 — S22 A
TA 120 w2R2 {,u pe—m (4 12u3  3u * 6u2>
—m?In (u/m +\/p2/m? - 1)} 0(pn —m).

Note that when the massless limit is considered one should also set € = 0. For instance

m

O —m).

we have

(6.35)

for small m, by setting € = 0, one obtains

_ 1 5  m?

This is the correction obtained in [43, 44] in the p = 0 limit.

As we have already mentioned there is not a unique method of defining kinetic transport
equations for massive fermions beginning with (4.12)—(4.21). Hence there is no consensus
in obtaining the mass corrections to the chiral magnetic and vortical effects. Here we estab-
lished the massive kinetic equation from the covariant formulation which directly generates
the chiral transport equation when one sets a* = p* and m = 0. In fact we have chosen
the spin four-vector as in (6.16) which is consistent with the massless limit. Therefore the
corrections to the chiral effects are apparent in contrary to the other formalisms which are
suitable to discuss large mass limit [18, 23].

The massless limit can also be discussed starting from (6.7) and (6.14). For m = 0
we need to set ¢ = 0 in (6.12) and fix the spin four-vector as a, = p,. One can then
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observe that (6.14) yields a scalar kinetic equation up to an overall p# factor. A similar
scalar kinetic equation follows from (6.7). By adding and subtracting these scalar kinetic
equations one obtains the chiral kinetic equation (5.7) for n, = u, and A = k. Therefore
the 3D chiral theory coincides with the one obtained in section 5, in particular particle
number current density satisfies the anomalous divergence as in (5.25).

7 Conclusions

We demonstrated that the scalar field ¢ and the vector-field 7, represent the fermionic fluid
in the presence of the Coriolis force due to the nonvanishing vorticity. This is achieved by
showing that the equations of motion acquired by variation of the action (3.1) with respect
to ¢ and 7, are equivalent to relativistic Euler equations of a fluid with the Coriolis force.
Moreover, this formalism provided the field strength of the vector field n, in terms of the
specific enthalpy and fluid vorticity.

Then we considered the action of Dirac spinors coupled to the vector fields A, and
nu- By virtue of its gauge invariances we derived the QKE satisfied by the Wigner func-
tion, (4.9), by generalizing the formalism of [5]. In fact, one of the main results accomplished
in this work is to show that when one deals with the fluids the original QKE [5] should be
modified adequately. This modification has already been introduced in [23, 24] in an ad
hoc manner. Here we obtained it in a systematic way from an underlying action.

The Clifford algebra generators are employed to decompose the Wigner function in
terms of field components and the semiclassical equations of the component fields which
follow from QKE are presented. Then to derive KTE one can proceed in two different
ways depending on when to impose the on-shell conditions of fields representing the fluid.
In [23, 24] we have derived the semiclassical kinetic equations by imposing the on-shell
conditions from the start. In contrary here we first acquired the semiclassical transport
equations and then let the fields 7., ¢ be on-shell, so that w,,, is expressed in terms of the
vorticity and fluid 4-velocity. This approach furnishes novel kinetic transport equations for
either massless or massive fermions.

As usual the equations satisfied by vector and axial-vector decouple from the other
fields when one considers massless fermions. The kinetic equation in the presence of unique
gauge field is well known [30, 31, 36]. We generalize it and obtain the semiclassical chiral
kinetic equation where the electromagnetic fields and the vorticity are treated on the same
footing. By integrating the semiclassical relativistic kinetic equation over pg, we established
a 3D CKT which does not depend on the spatial coordinates explicitly. It is consistent
with chiral anomaly and takes into account the non inertial properties of rotating reference
frame. Moreover, the chiral magnetic and vorticity effects are correctly generated.

Transport equations of massive fermions are also studied. The semiclassical kinetic
equations of the vector and axial-vector fields are derived by extending the formalism
given in [19]. The related 3D kinetic transport equation is obtained by letting the spin
4-vector be adequate to discuss the small mass limit. We showed that the Coriolis force
and the dispersion relation are correctly generated. We obtained the particle number
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current density in terms of the equilibrium distribution function and calculated it at zero
temperature. The similarities and differences with the other approaches are discussed.

For massive fermions we obtained the 3D transport equations by adopting the definition
of spin vector as in (6.16) and keeping only the linear terms in the electromagnetic fields
and vorticity. For having a better understanding of the mass corrections to the chiral
effects, one needs to find a solution of the spin vector depending on the electromagnetic
fields and vorticity.

Although we considered the collisionless case, kinetic transport equations are mainly
needed in the presence of collisions. They can be introduced in the current formalism by
generalizing the methods given in [30] and [45]. Obviously collisions can also be studied
within the 3D kinetic transport theories.

Zilch vortical effect [46] has been recently studied within the kinetic theories in [47, 48].
In [47] it was shown that the zilch current in a rotating system can equivalently be derived
in chiral kinetic theory by employing chiral current. It would be interesting to inspect
if this construction of zilch vortical effect can be studied by means of our approach for
example by modifying the chiral current. This may provide an alternative way of studying
the rotation of reference frame for photonic media.
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A Integration of (5.9) over pg

Expressing the kinematic vorticity tensor €2, in terms of the fluid vorticity as in (5.10) one
can show that S*Q,, = p-w/py and Q" = whu? — w’ut. Thus (5.9) can be rewritten as
.B -
5 (p2 - thp> {p Y
UuU-p
hx@Q S hx S
+ T.pSWE“V” — Tp(p cwut —u-pwh)V, (A.1)
hx 1 2 =
=g [ w v+ e p) ] =0
where pi = p! —u - put. It is perpendicular to the fluid velocity: p; - u = 0. Integration
of (A.1) over pg in the frame u* = (1,0) and w* = (0,w), leads to

0 0
( 77;(& + (\/ﬁX): : a){) f;f (t,X,p)

o (A2)
- ()Y [%f; <t,x,p,po>}

0
I s =
+ 1o |:6p0 fX (t,X, p7p0):| Oa

po=sEX po=5EX

where the phase space measure /77X and the velocities (/7%)¥, (,/7p)X are given in (5.16)-
(5.18). The 3D distribution function is defined by

f;:(tv X, p) = f;j (t7 X, p>p0)|p0:85§< :
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Coefficient of the last term in (A.2) is

- B p-wp-E p-FE p-B, ,
= Q%+ xQ +sQPE (14 mQETl) . (A3)
2|p| 2|p/? |p| p[?
A well defined 3D equation can be established only if some terms in (A.2) can be combined
to yield
0 oEx [ 0
'g'ist;X; ) + § S|: St,X, ) :|
(Vi) - | 555 (8% P, po) . Vip)s - 5 | gy Fx (%P o) .

0
= (Vip)s - o f (5% p).

For this purpose let us express the first term of (A.3) in a different form. First observe
that [23]

f[]s 18f05 w-pE-p 2f05 1af05
d*p 6(p?) E - X _ X )y X _ X =0, A4
/ P (p){ w(m 2 9po I po 2 dpo (4-4)

where

2 1
(27h)3 es(up—nx)/T 4 1

= (A.5)

Integration of (A.4) over pg yields

w-E (9f83
2|p| Ipo

_p-wp-EafSS
po=slpl  2|p]®>  Opo

w-E p-wp-E) 0
-2 f2(t,x,p), A6
a2 (o =25 ) S x0) (49

with the shorthand notation
8.][.; _ 8f;:(t7 X, p7p0)

dpo Ipo
Then by substituting the first term of (A.3) with (A.6) we can write the last term of (A.2) as
ofs pwp-EOf° (w-E p~wp-E>
1. X =k X -2 s t,X,
"Opo lpo=sex X Ipl* 9po lpo=slpl “ Ip|? |p|* filbx.p)
of:
+Q 1+hyx 2) AT
Tor (a5 (A7)
On the other hand from (5.14) and (5.18) we have
oy O&X p-wE-p Qp-E p-B
Py —= = hQx + (1+th p). A8
(/) op p[? p| p[3 | (4.8)
Therefore, by making use of (A.7) and (A.8), we conclude that
(\/ﬁp)g ’ |:af>f (t7 X, pvp()):l + IO |:8f)f (t7 X, p7p0):|
op po=sEX 9po Po=s€X
0 -FE p-wp-E s
= [y o+ @ (7 -2 PR ) | ) (A9)

Plugging (A.9) into (A.2) leads to (5.15).
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