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1 Introduction

Wigner function has been originally introduced in deformation quantization of classical me-
chanics as the substitute of probability density in ordinary quantum mechanics. However,
it may take negative values, so that it is considered as the quasiprobability distribution
which provides quantum corrections to classical statistical mechanics. It is built with the
wave functions satisfying Schroedinger equation [1]. This quantum mechanical formulation
can be generalized to field theory by employing quantum fields to construct the Wigner
function [2]. For spin-1/2 fermions the constituent fields satisfy the Dirac equation. It
turned out that the Wigner function method is a powerful tool in constructing relativistic
quantum kinetic theories of spin-1/2 fermions [3–6].

In heavy-ion collisions quark-gluon plasma is created where the constituent quarks
are approximately massless [7, 8]. Their properties can be inspected within the chiral
kinetic theory (CKT) which leads to an intuitive understanding of chiral magnetic effect
(CME) [9–11] and chiral separation effect (CSE) [12, 13] for the chiral plasma subjected
to the external electromagnetic fields. When the chiral plasma is considered as a fluid, the
chiral transport equations are also useful to study the chiral vortical effect (CVE) [14] and
local polarization effect (LPE) [15–17].

The main characteristics of the quarks in quark-gluon plasma are acquired by consid-
ering them as massless particles. However, it as an approximation. Therefore, studying the
mass corrections is needed. The Wigner function formalism of massive spin-1/2 fermions
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yields some different covariant kinetic equations [18, 19], in contrary to the massless case.
This is due to the fact that for massive fermions there are more than one way of eliminating
the irrelevant set of field equations derived from the quantum kinetic equation (QKE).

Although four-dimensional (4D) approach has some advantages like being manifestly
Lorentz invariant, non-relativistic or equal-time formalism is needed if one would like to
solve a transport equation starting from an initial distribution function provided by field
equations [20–22]. Integrating 4D transport equation over the zeroth-component of mo-
mentum is the custom method of constructing the related three-dimensional (3D) transport
equation [6, 22].

Wigner function of spin-1/2 fermions which are coupled to gauge fields is constructed
to be invariant under gauge transformations which leave the Dirac equation intact. The
gauge invariant Wigner function satisfies the QKE which depends on the field strength
explicitly [4, 5]. When one deals with relativistic plasma as a fluid, the vorticity effects
should also be taken into account. Although the magnetic and vortical effects are similar,
the QKE does not explicitly depend on the rotational properties of fluid in contrary to
electromagnetic interactions. Hence, noninertial effects like the Coriolis force are absent.
To overcome these difficulties we proposed the modification of QKE by means of enthalpy
current either for the massless or massive fermions [23, 24]. We obtained the relativistic
transport equations and studied the 3D theories which they generate. The chiral formula-
tion was successful in generating a consistent 3D CKT which does not depend explicitly on
the position vector and also addresses the noninertial effects like the Coriolis force correctly.
The modification of QKE also gives satisfactory results for massive fermions. However, the
modified QKE has not been following from an action in contrary to the electromagnetic
part. Here, we present an underlying Lagrangian which naturally yields the aforementioned
modification of QKE.

3D CKT with the Coriolis force was first presented in [25] by making use of the
resemblance between the magnetic field and angular velocity. Then this formulation was
derived in [26] from the first principles in a rotating coordinate frame. In [26] it was also
shown that spatial coordinate dependence appearing in some CKTs can be removed by an
appropriate phase space coordinate transformations.

In [27] CKT in curved spacetime has been derived from the QKE. There it was shown
that the noninertial effects and the CVE arise when the observer is in the comoving frame of
fluid [27]. In this case our modification terms vanish identically as we have already discussed
in detail in [28]. However, in flat spacetime formalism, to generate the noninertial effects
one should consider the modified QKE. There is an other issue which should be clarified:
obviously the covariant formalism without the modification leads to CVE correctly [17],
so that our modification can be seem to over count the CVE. However, this not the case.
Within the modified QKE formalism of [23] in 4D the first order solutions of chiral fields
are different from the ordinary ones and they generate the CVE correctly as it was verified
explicitly in [23]. When one integrates 4D CKE over the zeroth component of momentum
to get the nonrelativistic CKT, the modification terms turn up to be essential in acquiring
the CVE correctly. In fact, as it will be explained at the end of section 5, the consistent 3D
CKT which results from the 4D formalism would not generate the CVE correctly without
the modification terms.
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We deal with relativistic plasma as a fluid whose constituents are fermions obeying the
Dirac equation. We will introduce the vector field ηµ(x) which is minimally coupled to Dirac
fields as the electromagnetic vector potential Aµ(x). However, it is not a U(1) gauge field.
Equations of motion of the new vector potential follow from an action which describes
fluid dynamics in terms of self interacting scalar field. Although there are some crucial
differences, the action which we consider is mainly introduced in [29]. It is invariant under
a gauge transformation which is not the custom U(1) symmetry. Dirac equation coupled to
the new vector potential is also invariant under this gauge transformation when the Dirac
field is transformed appropriately.

To derive the equation of motion of the Wigner function one employs the equation
satisfied by the Dirac field coupled to vector potential and its gauge invariance [5]. As far as
the Dirac Lagrangian is considered, the form of the gauge transformations related to ηµ(x)
and Aµ(x) are similar. Hence, we generalize the procedure of [5] to derive the QKE satisfied
the Wigner function when both of the ηµ(x) and Aµ(x) gauge fields are present. Then, we
decompose the Wigner function in the Clifford algebra basis and obtain equations satisfied
by the fields which are the coefficients of Clifford algebra generators. These equations
depend explicitly on the field strengths. Some of these equations can be eliminated and
the rest can be used to obtain kinetic transport equations (KTE). In general, until acquiring
KTE electromagnetic field strength is defined in terms of vector potentials. Once the KTE
are established it is expressed by the electric and magnetic fields which satisfy the Maxwell
equations. However, as it will be discussed, for the field strength related to fluid one may
proceed in two different ways. The first option is to require that the field strength related
to fluid is expressed in terms of vorticity and fluid velocity before deriving KTE. The
second option is to establish KTE first and then express the fluid related field strength in
terms of vorticity and fluid velocity. When the former method is adopted we find the KTE
proposed in [23, 24]. The latter method which is similar to the electromagnetic case will
be the subject of this work. In this case the massless and massive KTE can be obtained
by generalizing the kinetic equations established, respectively, in [30, 31] and [19].

We will acquire 3D kinetic equations by integrating the covariant equations over the
zeroth component of four-momentum. For chiral fermions we will show that a novel 3D
CKT is accomplished in the presence of both external electromagnetic field and fluid vor-
ticity which does not depend explicitly on the spatial coordinates. Moreover, this theory
possesses the Coriolis force term and it is consistent with the chiral anomaly. It generates
the chiral magnetic and vortical effects correctly. When one deals with massive fermions
kinetic equations of vector and axial-vector components of Wigner function depend on the
spin four-vector aµ [19]. We provide mass corrections to 3D chiral effects by letting aµ be
given with the free Dirac equation for small mass values.

We start with presenting the action which is considered to establish transport equa-
tions of a fermionic fluid interacting with electromagnetic fields. In section 3 we focus on
the part of action which we claim to govern the dynamical evolution of fermionic fluid. In
section 4 we present an outline of the derivation of QKE satisfied by the Wigner function
of Dirac fields coupled to two independent vector fields. section 5 is devoted to the study
of the kinetic equations of chiral fermions in the external electromagnetic fields by taking
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into account noninertial properties of the fluid. The relativistic and the 3D chiral trans-
port equations are established. The massive fermions are studied in section 6, where the
relativistic equations are integrated over the zeroth component of momentum in the small
mass limit by approximating the spin four-vector adequately. Discussions of our results
are presented in section 7.

2 Action

To establish quantum kinetic equation for fermionic fluids in the presence of electromagnetic
fields we propose the action

S = SD + SQ + SEM + Sζ + Sφ. (2.1)

The first term is the Dirac action,

SD = 1
2

∫
d4x ψ̄ (i~γµ∂µ −m)ψ. (2.2)

We consider two vector potentials coupled to Dirac fields. One of them is the U(1) gauge
field Aµ,

SQ = −Q
∫
d4x ψ̄γµAµψ, (2.3)

whose dynamical equations are generated by

SEM = −1
4

∫
d4x FµνFµν . (2.4)

Q is the electric charge and
Fµν = ∂µAν − ∂νAµ, (2.5)

is the field strength of the U(1) gauge field which is invariant under the gauge transforma-
tion

Aµ(x)→ Aµ(x)− ∂µΛ(x). (2.6)

The other one is the real four-vector field ηα, whose coupling constant is ζ,

Sζ = ζ

∫
d4xψ̄γαηαψ. (2.7)

ηα is also coupled to the complex scalar field φ, as follows,

Sφ = 1
2

∫
d4x [(∂αφ− iηαφ)? (∂αφ− iηαφ)− V (φ?φ)] . (2.8)

In the next section we will clarify how the scalar field φ and the vector-field ηα, represent
the fluid. We work in Minkowski spacetime with gµν = diag(1,−1,−1,−1).
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3 Fluid

In this section we will describe how the variation of the action

SF = Sφ + Sζ , (3.1)

with respect to ηα and φ fields generate effectively the Euler action of a fluid with Coriolis
force, whose constituent particles are Dirac fermions. The scalar field φ is the mean field
which represents fluid. The vector field ηα is an auxiliary field which will be fixed as in (3.21)
below, hence it is considered only at the classical level. Our formulation is mainly inspired
from [29], where a covariant action was proposed to describe magnetohydrodynamics as a
field theory. However, we are interested in expressing the vector field ηα in terms of fluid
variables like the enthalpy current. In contrary to [29], in our formulation hydrodynamical
quantities are not considered as variables. They will be related to the independent field
variables ηα, φ by some other means as we will discuss. Therefore we do not need the
constraints considered in [29].

Let us first write the complex scalar field in terms of two real fields:

φ = σeiϕ. (3.2)

Plugging this definition into the action (2.8) yields

Sφ = 1
2

∫
d4x

[
∂ασ∂ασ + σ2 (∂αϕ− ηα) (∂αϕ− ηα)− V (σ2)

]
. (3.3)

Observe that it is invariant under the gauge transformation

ηα(x)→ ηα(x)− ∂αλ(x), ϕ(x)→ ϕ(x)− λ(x). (3.4)

After expressing Sφ as in (3.3), variation of SF with respect to ϕ generates the following
equation of motion

∂α[σ2 (∂αϕ− ηα)] = 0. (3.5)

On the other hand variation of SF with respect to the ηα yields

σ2 (∂αϕ− ηα)− ζψ̄γαψ = 0. (3.6)

The mean value of particle number current density operator of the Dirac particles can
be expressed in the form

jα = 〈: ¯̂
ψγαψ̂ :〉 =

∫
d4q qαf(x, q). (3.7)

Here, ψ̂, ¯̂
ψ are operators and colons denote normal ordering. The exact form of the

distribution function f(x.q) can be obtained from the Wigner function satisfying QKE [2].
One can also describe this system as a fluid. For this purpose let us introduce the fluid
four-velocity uα ≡ dxα(τ)/dτ , where τ is the proper time and xα(τ) is the worldline of a
fluid element, so that it satisfies

uαuα = 1. (3.8)
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It can be used to decompose the momentum four-vector as qα = (u · q)uα + qα⊥, where
q⊥ · u = 0. Then, due to the momentum integral in (3.7), one gets

jα = nuα, (3.9)

where n is the particle number density. In principle due to the motion of medium, particle
number current density can have an anomalous parts. For example due to rotations there
would be a term which depends linearly on the vorticity of the medium. However, we
ignore the anomalous contributions to current because we consider only classical fields. In
the classical field (mean field) approximation the quantum field ψ̂ can be considered as
a collection of wave-packets constructed by the solutions of Dirac equation. Then, when
we deal with fluids composed of spin-1/2 particles, a fluid element which contains a large
number of particles but compact enough such that they behave homogeneously, can be
taken to coincide with one of the wave-packets. Therefore, in the mean field approximation
we can write

ψ̄γαψ ≡ nuα. (3.10)

Now (3.6) can equivalently be written as

nuα = ζ−1σ2 (∂αϕ− ηα) , (3.11)

and (3.5) states that the particle number current density is conserved:

∂α (nuα) = 0. (3.12)

In fact, in relativistic fluid dynamics particle number current density without dissipation
is given with (3.9) [32].

Equipped with these relations we may now discuss why we consider the action (2.1).
The kinetic theory of a neutral plasma can be described in terms of the relativistic scalar
electrodynamics with two scalar fields φ1 and φ2 which are macroscopic wave functions
representing the negative and positive charge carriers [33, 34]:

Snp =
∫
d4x

[
|∂αφ1 + iQAαφ1|2 + |∂αφ2 − iQAαφ2|2 − V (φ1, φ2)

]
+ SEM . (3.13)

If one would like to represent neutral plasma in terms of one scalar field φ instead of φ1 and
φ2, it cannot minimally couple to Aµ. Then, it should interact with electromagnetic fields
in a complicated way [29]. In fact (3.6) represents this interaction because the variation of
the action (2.1) with respect to Aµ shows that (3.7) is the current which describes how the
electromagnetic fields will evolve in plasma:

∂µFµν = Qψ̄γνψ. (3.14)

By inspecting (3.11) we see that interaction of the fluid with electromagnetic fields is
exposed by setting

ηα = ∂αϕ− ζ

Qσ2∂µF
µα. (3.15)
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In fact by inserting (3.14) and (3.15) into the action (3.1) we get

SF =
∫
d4x

{
1
2
[
∂ασ∂ασ − V (σ2)

]
+ ζ

Q
(∂µFµα)∂αϕ−

ζ2

2Q2σ2 (∂µFµα)(∂νFνα)
}
. (3.16)

This shows that scalar field components couple to the derivatives of the electromagnetic
fields which would be calculated from the Maxwell equations (3.14) whose charge and
current distributions are due to the charged fermions. Hence, the interactions between the
scalar field and electromagnetic fields are sensitive how the electric and magnetic fields
change spatially and temporally.

Variation of SF with respect to σ leads to

∂α∂ασ + σ (∂αϕ− ηα) (∂αϕ− ηα)− σV ′(σ2) = 0, (3.17)

where V ′ is the derivative of V with respect to its argument. As in [29] we assume that
amplitude of φ varies slowly so that the first term is neglected compared to the second one.
Thus we get

(∂αϕ− ηα) (∂αϕ− ηα) = ν2, (3.18)

where we defined
ν2 ≡ V ′(σ2).

Using (3.11) in (3.18) yields
n2ζ2 = σ4ν2, (3.19)

so that one can express n as a function of the real scalar field σ as

n = σ2ν

ζ
. (3.20)

Plugging (3.20) back into (3.11) leads to

∂αϕ− ηα = νuα. (3.21)

By taking the derivative of (3.18) and employing (3.21), we attain

νuα(∂β∂αϕ− ∂βηα) = ν∂βν. (3.22)

Let us write it as
νuα(∂α∂βϕ− ∂αηβ −Wαβ − wβα) = ν∂βν, (3.23)

where we introduced
wβα = ∂βηα − ∂αηβ , (3.24)

and
Wαβ = ∂α∂βϕ− ∂β∂αϕ.

ObviouslyWαβ vanishes for ordinary functions but in it can also be different from zero [29]:
ϕ is the phase of scalar field φ, (3.2), so that it is defined up to some functions θ(x) =
(θ1(x), θ2(x), · · · ) satisfying

eθk(x) = 1.
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Hence, along some θk(x) = 0, curves, the mixed partial derivatives of ϕ can fail to be
continuous. We can ignore the singular curves and set Wαβ = 0 without loss of generality.
Nevertheless, we can also consider singular cases where the following condition is satisfied,

uαWαβ = 0. (3.25)

Now by taking the derivative of (3.21),

∂α∂βϕ− ∂αηβ = uβ∂αν + ν∂αuβ ,

and using it in (3.23) we obtain

νuα(uβ∂αν + ν∂αuβ − wβα) = ν∂βν. (3.26)

As far as ν 6= 0, it yields

νuα∂αuβ = ∂βν − uαuβ∂αν + uαwβα. (3.27)

Acceleration which is defined as the derivative of the velocity uα with respect to the proper
time τ , can be calculated by making use of (3.27):

duβ
dτ

= uα∂αuβ = ∂βν

ν
− uαuβ

∂αν

ν
+ uαwβα

ν
. (3.28)

Let us compare (3.28) with the (hydrodynamic) Euler equations

duβ
dτ

= ∂βP

ρ+ P
− uαuβ

∂αP

ρ+ P
− Fβ
ρ+ P

, (3.29)

where ρ is the energy density, P is the pressure. They are related to the specific enthalpy
h as nh = ρ + P . Here Fα is an external force which can be the gravitational force,
electromagnetic force and the “fictitious” force such as the centrifugal or Coriolis force [35].

Except their last terms, (3.28) and (3.29) are identical if

dP

ρ+ P
= dν

ν
. (3.30)

From the first law of thermodynamics one knows that

dρ

dn
= ρ+ P

n
, (3.31)

for the fluids of only one kind of particle whose total number is conserved and without heat
exchange. Suppose that (3.30) is satisfied, then by making use of (3.31) we have

d(ρ+ P )
dn

= ρ+ P

n
+ dP

dν

dν

dn
= ρ+ P

n
+ ρ+ P

ν

dν

dn
. (3.32)

It can be expressed as
d(ρ+ P )
ρ+ P

= dn

n
+ dν

ν
. (3.33)

– 8 –



J
H
E
P
1
1
(
2
0
2
1
)
0
8
6

By integrating it
ν = ξ

ρ+ P

n
= ξh (3.34)

follows, where ξ is a positive constant of integration.
We need to express ν analytically in terms of fluid’s parameters by respecting the

equality (3.34). Let us consider the equation of state P = (γ − 1)ρ, where γ > 1 is the
adiabatic index. This relation can be taken as the definition of an ideal fluid [35] and it is
consistent with the equation of state resulting from the field equations by choosing V (σ2)
adequately [29]. Then, we can write

h = γ
ρ

n
. (3.35)

By plugging it into (3.34) we get
ν = ξ′

ρ

n
, (3.36)

with ξ′ = ξγ. In the mean field approximation we identified a fluid element with a wave
packet. Hence the proper energy density can be parametrized in terms of the momentum
pµ of the wave packet center as

ρ

n
= u · p. (3.37)

Therefore, we write
ν = ξ′u · p. (3.38)

From (3.21) by setting Wαβ = 0 or employing the condition (3.25), we get

uαwαβ = uα [∂β(νuα)− ∂α(νuβ)] ≡ ξ′Kβ . (3.39)

Let us demonstrate that Kβ ≡ uα [∂β(u · p uα)− ∂α(u · p uβ)] , is the relativistic generaliza-
tion of Coriolis force per particle. We consider vanishing linear acceleration

uα∂αuβ = 0, (3.40)

so that the fluid velocity can be taken to satisfy

∂αuβ = −∂βuα. (3.41)

Thus we write
Kβ = pα∂βuα.

Fluid vorticity four-vector is defined as

ωµ = 1
2ε

µναβΩαβuν , (3.42)

where
Ωαβ = 1

2(∂αuβ − ∂βuα), (3.43)

is the kinematic vorticity tensor. Therefore we get

Kβ = εβαµνu
µωνpα.
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In the frame uα = (1,0), ωα = (0,ω), it becomes Kβ = (0,K) with

K = p× ω.

Hence, we conclude that the last terms of (3.28) and (3.29) are identical where

Fα = nγKα,

is a relativistic extension of the Coriolis force in a rotating coordinate frame.
From (3.39) and (3.38) we have

wαβ = ξ′ [(∂βu · p)uα − (∂αu · p)uβ ] + κu · p (∂βuα − ∂αuβ) . (3.44)

On the other hand, due to the vanishing of linear acceleration, (3.40), we observe that

uα (∂βuα − ∂αuβ) = 0.

Hence, (3.39) is satisfied for an arbitrary constant κ, which can be even zero. By introducing

wµνC = (∂µuα)pαuν − (∂νuα)pαuµ, (3.45)

wµν can be expressed as
wµν = ξ′wµνC + κ(u · p)Ωµν . (3.46)

It is worth noting that ξ, κ are arbitrary constants and wµν is the circulation (vorticity)
tensor for κ = 2γ, and ξ = 1, i.e. ξ′ = γ, [35]. Therefore, we come to the conclusion that
the scalar field φ and the vector field ηα represent the fluid composed of the Dirac particles.
Moreover, the field strength of ηα is given by (3.46) when the equations of motion resulting
from the variation of SF with respect to φ and ηα are satisfied.

4 Quantum kinetic equation

Let us return to the initial action (2.1) without imposing the equations of motion derived
from (2.4) and (3.1). Now, we would like to examine the action of Dirac field coupled to
the vector fields,

Sψ ≡ SD + SQ + Sζ = 1
2

∫
d4x ψ̄[γµ(i~∂µ − ζηµ −QAµ)−m]ψ. (4.1)

It generates the Dirac equation

[γµ(i~∂µ − ζηµ −QAµ)−m]ψ = 0, (4.2)

which is invariant under the gauge transformations (2.6) and (3.4), when the spinor field
transforms as

ψ(x)→ ei(ζλ(x)+QΛ(x))/~ψ(x). (4.3)

The Wigner operator is defined by

Ŵ (x, p) =
∫
d4y e−ip·y/~ψ̄(x)e

1
2y·∂

† ⊗ e−
1
2y·∂ψ(x). (4.4)

– 10 –
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Here, ψ(x) and ψ̄(x) are operators and ⊗ represents tensor product. The Wigner function
is defined as the ensemble average of the normal ordered Wigner operator:

W (x, p) = 〈:Ŵ (x, p) :〉. (4.5)

To derive the kinetic equation satisfied by the Wigner function we proceed as it was
done in [5]: the Wigner operator defined in (4.4) fails to be invariant under the gauge
transformations (2.6), (3.4) and (4.3). To define the gauge invariant Wigner operator one
introduces the gauge link

U(A, η;x1, x2) ≡ exp
[
−iQγµ

∫ 1

0
dsAµ(x2 + sy)

]
exp

[
−iζγµ

∫ 1

0
dsηµ(x2 + sy)

]
, (4.6)

where xµ1 ≡ xµ + yµ/2, xµ2 ≡ xµ − yµ/2, and insert it into (4.4):

Ŵ (x, p) =
∫
d4y e−ip·y/~ψ̄(x1)U(A, η;x1, x2)⊗ ψ(x2). (4.7)

By making use of the Dirac equation (4.2), one can show that the Wigner operator, (4.7),
satisfies

[γ ·
(
p− 1

2 i~∂
)
−m]Ŵ (x,p) =−i~∂µp

∫
d4y e−ip·y/~ψ̄(x1)⊗[∫ 1

0
ds(1−s)

(
QFµν(x+sy−y/2)+ζwµν(x+sy−y/2)

)
(4.8)

U(A,η;x1,x2)
]
γνψ(x2),

where ∂µp ≡ ∂/∂pµ. Fµν and wµν are defined by (2.5) and (3.24). We consider the mean
field approximation, so that the field strengths Fµν , wµν are c-valued fields. Following [5]
we write

f(x+ sy − y/2)] = e(s−1/2)y·∂f(x)

and employ the relation∫
d4y e−ip·y/~f(y)g(y) = f(i~∂p)

∫
d4y e−ip·y/~g(y),

to express the right-hand-side of (4.8) as

i~
∫ 1

0 ds(s−1)e(s−1/2)i~∂p·∂
(
QFµν(x)+ζwµν(x)

)
∂µp
∫
d4y e−ip·y/~ψ̄(x1)⊗U(A,η;x1,x2)γνψ(x2).

One expands the exponential as power series and perform the s integration. Then by
taking the ensemble average of (4.8), the quantum kinetic equation satisfied by the Wigner
function is established as [

γ ·
(
π + i~

2 D
)
−m

]
W (x, p) = 0, (4.9)

with

Dµ ≡ ∂µ − j0(∆) [QFµν + ζwµν ] ∂pν ,

πµ ≡ pµ − ~
2 j1(∆) [QFµν + ζwµν ] ∂pν .
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j0(x) and j1(x) are spherical Bessel functions in ∆ ≡ ~
2∂p · ∂x. The space-time derivative

∂µ contained in ∆ acts on [QFµν + ζwµν ] , but not on the Wigner function. In contrary
∂νp acts on the Wigner function, but not on [QFµν + ζwµν ] .

The Wigner function can be decomposed by means of the 16 generators of the Clifford
algebra

W = 1
4

(
F + iγ5P + γµVµ + γ5γµAµ + 1

2σ
µνSµν

)
, (4.10)

where the coefficients C ≡ {F ,P,Vµ,Aµ,Sµν}, respectively, are the scalar, pseudoscalar,
vector, axial-vector, and antisymmetric tensor fields. We expand them in powers of Planck
constant and keep the leading and next to the leading order terms in ~. Hence in (4.9) one
sets πµ = pµ and substitutes Dµ with

∇̃ν ≡ ∂ν −
[
QF νβ + ζwνβ

]
∂pβ . (4.11)

Plugging (4.10) into (4.9), yields complex valued equations whose real parts are

p · V −mF = 0, (4.12)

pµF −
~
2 ∇̃

νSνµ −mVµ = 0, (4.13)

−~
2 ∇̃µP + 1

2εµναβp
νSαβ +mAµ = 0, (4.14)

~
2 ∇̃[µVν] − εµναβpαAβ −mSµν = 0, (4.15)

~
2 ∇̃ · A+mP = 0, (4.16)

and the imaginary parts are

~∇̃ · V = 0, (4.17)
p · A = 0, (4.18)

~
2 ∇̃µF + pνSνµ = 0, (4.19)

pµP + ~
4 εµναβ∇̃

νSαβ = 0, (4.20)

p[µVν] + ~
2 εµναβ∇̃

αAβ = 0. (4.21)

To derive QKE (4.9), we started from the Dirac equation (4.1). Then in getting (4.8)
we had to introduce Fµν and wµν which are defined in terms of the gauge fields as in (2.5)
and (3.24). The equations of motions following from the action (2.4) give the Maxwell
equations when one can expresses the field strength in terms of the electromagnetic fields
Eµ, Bµ by

Fµν = Eµuν − Eνuµ + εµναρuαBρ, (4.22)

where uµ is the fluid 4-velocity. Similarly, when the equations of motion discussed in
section 3 are imposed, one deals with the Euler equations (3.29), where wµν is expressed
in terms of vorticity and energy per particle as in (3.46). However, when the equations of
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motion following from (2.4) and (3.1) should be imposed? We have two options: i) Obtain
the kinetic equations which the field components of Wigner function, C, satisfy and then
impose the equations of motion. ii) Impose the equations of motion from the beginning
and then derive the kinetic equations satisfied by the fields C. Our previous works [23, 24]
are consistent with the latter option for ηµ. Although we kept Fµν as in (2.5), wµν was
expressed in terms of enthalpy current, (3.44), and then derived the kinetic equations
satisfied by the fields C. Here, we adopt the former option for both of them: we use the
definition of wµν in terms of the ηµ fields, (3.24), to establish the kinetic equations and
then apply the equations of motion yielding (3.44). Similarly, Fµν is given by (2.5) until the
KTE are derived. Afterwards, we express it in terms of the electromagnetic fields, (4.22).
Once we choose this method the semiclassical kinetic equations can directly be read from
the known ones [19, 30, 31, 36], by substituting QFµν with QFµν+ζwµν , as it will discussed
in the subsequent sections.

5 Chiral kinetic equations

For vanishing mass the equations of Aµ and Vµ decouple from the rest. They are given
by (4.12), (4.15), (4.16) with m = 0 and (4.17), (4.18), (4.21). Let us introduce the chiral
vector fields

J µχ = 1
2(Vµ + χAµ),

where χ = 1, and χ = −1, correspond to the right-handed and the left-handed fermions.
They need to satisfy

pµJ µχ = 0, (5.1)
∇̃µJχµ = 0, (5.2)

~εµναρ∇̃αJ ρχ = −2χ(pµJχν − pνJχµ). (5.3)

The chiral kinetic equation which results from (5.1)–(5.3) can be acquired by generalizing
the formalism given in [30, 31, 36]. First, one can verify that the solution of (5.1) and (5.3) is

J µχ = pµfχδ(p2) + ~
2χε

µναβ (QFαβ + ζwαβ) pνf0
χδ
′(p2)

+ ~χSµν(n)(∇̃νf0
χ )δ(p2), (5.4)

where δ′(p2) = −δ(p2)/p2 and fχ(x, p) ≡ f0
χ (x, p) + ~f1

χ (x, p) is the distribution function.
nµ is an arbitrary vector satisfying n2 = 1 and

Sµν(n) = 1
2n · pε

µνρσpρnσ.

– 13 –



J
H
E
P
1
1
(
2
0
2
1
)
0
8
6

Then, by inserting (5.4) into (5.2) one acquires the chiral kinetic equation:

δ

(
p2 + ~χQ

nµF̃
µνpν

n · p
+ ~χζ

nµw̃
µνpν

n · p

){
p · ∇̃

+ ~χQ
n · p

Sµν(n) Fµρn
ρ∇̃ν −

~χ
2n · pε

µνλρ(∂µnν)pλ∇̃ρ (5.5)

+ ~χζ
n · p

Sµν(n)wµρn
ρ∇̃ν −

~χ
n · p

Sµν(n)(∂µnα)pα∇̃ν

}
fχ = 0,

where F̃µν = 1
2εµναρF

αρ and w̃µν = 1
2εµναρw

αρ, are the dual field strengths.
Until now we have wµν = ∂µην − ∂νηµ, because ηµ was off-shell. Now, we impose the

equations of motion (3.11)–(3.17), thus wµν is given by (3.46). In the rest frame of massive
fermions energy per particle is m. Therefore, in the massless limit we set κ = 0, and write

ζwµν |m=o ≡ kwµνC = k [(∂µuα)pαuν − (∂νuα)pαuµ] , (5.6)

where k = −ζκ is an arbitrary constant which will be fixed. Now, (5.5) is the chiral kinetic
equation where the vorticity and electromagnetic tensors are treated on the same footing.

5.1 3D chiral kinetic theory

To establish the 3D chiral kinetic theory we write the covariant transport equation (5.5)
in the comoving frame by setting nµ = uµ,

δ

(
p2 + ~χQ

uµF̃
µνpν

u · p
+ k~χuµw̃µν

C pν

){
p · ∇̃

+ ~χQ
u · p

SµνFµρu
ρ∇̃ν −

~χ
u · p

pµΩ̃µν∇̃ν (5.7)

+ k
~χ
u · p

SµνwCµβu
β∇̃ν −

~χ
u · p

Sµν(∂µuα)pα∇̃ν

}
fχ = 0.

We defined w̃Cµν = 1
2εµναρw

αρ
C and

Sµν = 1
2u · pε

µνρσpρuσ. (5.8)

Obviously, uµw̃µν
C = 0, and due to the fact that linear acceleration vanishes (3.40), we have

wCµβu
β = (∂µuα)pα.

Thus, (5.7) can be written as

δ

(
p2−~χQp·B

u·p

){
p·∇̃+ ~χQ

u·p
SµνEµ∇̃ν−

~χ
u·p

pµΩ̃µν∇̃ν+(k−1) ~χ
u·p

SµνΩµαp
α∇̃ν

}
fχ = 0,

(5.9)
where Eµ and Bµ are the external electromagnetic fields. Kinetic vorticity tensor Ωµν can
be expressed as

Ωµν = εµναβu
αωβ (5.10)

and its dual is Ω̃µν = ωµuν − uµων .
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To establish a 3D CKT we would like to integrate (5.9) over p0. To perform this
integration we decompose the distribution function into particle s = 1 and antiparticle
s = −1 parts,

fχ(x, p) =
∑
s=±1

θ(su · p)f sχ(x, p). (5.11)

Moreover, we choose the frame

uα = (1,0) and ωα = (0,ω), (5.12)

where the delta function yields the dispersion relations

Eχs = s|p|
(

1− ~χQ
B · p
2|p|3

)
. (5.13)

Let us also introduce the canonical velocity

vχs ≡
∂Eχs
∂p

= sp̂
(

1 + s~χQ
B · p
|p|3

)
− ~χQ

B

2|p|2 . (5.14)

As we show in appendix A, integrating (5.9) over p0 leads to the transport equation(√
ηχs

∂

∂t
+(√ηẋ)χs ·

∂

∂x
+(√ηṗ)χs ·

∂

∂p
+~sχQ

ω ·E
|p|2
−2~sχQp·ω p·E

|p|4
)
f sχ(t,x,p) = 0,

(5.15)
where

√
η χs = 1 + ~sχ

p · ω
|p|2

+ ~χQ
B · p
2|p|3 , (5.16)

(√ηẋ)χs = vχs + ~sχ
(1

2 + k

2

)
ω

|p|
+ ~sχ

(1
2 −

k

2

)
p · ω
|p|3

p

+ ~χQ
B

2|p|2 + ~χQ
E × p

2|p|3 , (5.17)

(√ηṗ)χs = sQE + k|p|vχs × ω + sQvχs ×B

− (k − 1)~sχQp · ω
|p|3

p×B

+ ~sχQ2E ·B p

2|p|3 + ~Qχ
p · ω
|p|2

E. (5.18)

We ignore the O(ω2) terms.
The chiral particle (antiparticle) number and current densities are defined by

nχs =
∫

d3p

(2π~)3 (√η)χsf eq,sχ , (5.19)

jχs =
∫

d3p

(2π~)3 (√ηẋ)χsf eq,sχ + ∇×
∫

d3p

(2π~)3
sEχs p

2|p|3 f
eq,s
χ , (5.20)

where f sχ ≡ f sχ(t,x,p).
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To accomplish the continuity equation satisfied by the 4-current density jχµs ≡ (nχs , jχs ),
let us calculate

C ≡
∫
d3p

{
∂

∂t

[√
η χsf

s
χ

]
+ ∂

∂x

[
(√ηẋ)χsf sχ

]
+ ∂

∂p

[
(√ηṗ)χsf sχ

]}
. (5.21)

Observe that (5.16) and (5.17) do not depend on time and spatial coordinates explicitly,
so that we have

C =
∫
d3p

{(√
η χs

∂

∂t
+ (√ηẋ)χs ·

∂

∂x
+ (√ηṗ)χs ·

∂

∂p

)
f sχ +

∂(√ηṗ)χs
∂p

f sχ

}
.

By employing the transport equation (5.15) one gets

C =
∫
d3p

[
∂(√ηṗ)χs

∂p
− ~sχQ

(
ω ·E
|p|2

− 2p · ω p ·E
|p|4

)]
f sχ . (5.22)

The derivative of (5.18) leads to∫
d3p

∂(√ηṗ)χs
∂p

f sχ = ~sχQ
∫
d3p

(
ω ·E
|p|2

− 2p · ω p ·E
|p|4

)
f sχ

+ 2π~Q2χE ·B
∫
d3pδ(p)f sχ . (5.23)

By substituting the first term in (5.22) with (5.23) one finally attains

C = 2π~Q2χE ·B
∫
d3pδ(p)f sχ(t,x,p). (5.24)

On the other hand the last term of (5.21) vanishes because it is a total derivative, thus the
continuity equation is deduced:

∂nχs
∂t

+ ∇ · jχs = χQ2

(2π~)2 E ·B f eq,sχ (t,x,0). (5.25)

Let us introduce the vector and axial-vector currents

jV = jR + jL, jA = jR − jL, (5.26)

where jR =
∑
s=±1 j1

s and jL =
∑
s=±1 j−1

s . Let us choose the equilibrium distribution
function as

f eq,sχ = 1
es(E

χ
s −µχ)/T + 1

· (5.27)

Here µχ = µ + χµ5, where µ, µ5 are the total and axial chemical potentials. By inspect-
ing (5.17) one observes that the currents are linear in the magnetic field and vorticity:

jV = ξBB + ξω, (5.28)
jA = ξB5B + ξ5ω. (5.29)

The coefficients of the magnetic field are calculated as

ξB = Qµ5

2π2~2 , ξB5 = Qµ

2π2~2 .
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Thus the magnetic terms in (5.28) and (5.29), respectively, generate the chiral magnetic
and chiral separation effects. The vorticity terms in (5.28) and (5.29), respectively, generate
the chiral vortical and local polarization effects correctly for

ξ = µµ5

π2~2 , ξ5 = T 2

6~2 + µ2 + µ5
2

2π2~2 . (5.30)

However, the coefficients ξ and ξ5 depend on k. One can show that (5.30) results as far as
the condition

2
3 + k

3 = 1, (5.31)

is satisfied. This yields k = 1. This value of k is in accord with the formalism considered
in [23].

We do not deal with the equilibrium distribution function for a rotating fluid because
in constructing the CKE (5.7) we have not considered rotation of the reference frame. How-
ever, in the absence of modification terms one should work with the equilibrium distribution
function of a rotating fluid in the comoving frame of the fluid [36, 37]

f eq,sχ = 1
es(u·p−µχ+ ~

2S
µν∂µuν)/T + 1

, (5.32)

where Sµν is given in (5.8). In the frame uα = (1,0) and ωα = (0,ω), the distribution
function (5.32) yields

f eq,sχ = 1
es(E

χ
s −µχ−~χp̂·ω/2)/T + 1

. (5.33)

If one adopts this equilibrium distribution function the values in (5.30) are acquired when
the condition

5
6 + k

3 = 1, (5.34)

is fulfilled, which yields k = 1/2. Obviously, for the original CKE where k = 0, the
condition (5.34) cannot be satisfied. Therefore, we conclude that without the modification
the 3D formalism obtained from (5.7) does not generate the CVE correctly. This result is
pertinent to the transport equation in Minkowski space with the condition nµ = uµ, where
uµ and ωµ are given as in (5.12). Obviously, one can choose either nµ or uµ in a different
manner, e.g. uµ = (1,x×ω). For each choice one should derive the resulting 3D transport
equations by integrating (5.5) over p0.

As it was mentioned in Introduction there also exists a curved spacetime formulation
of chiral kinetic equation [27] where the Coriolis force and CVE are generated correctly
without a need for modification. However, this formalism leads to a 3D kinetic theory which
depends on x explicitly [28], in contrary to the 3D kinetic theories obtained here (5.16)–
(5.18) or as it has been derived in [23].

6 Kinetic equations of massive fermions

The equations (4.12)–(4.21) which should be satisfied by the components of Wigner function
in Clifford algebra basis are reducible: the field equations (4.12), (4.15) and (4.16) can be
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employed to express the fields F , P, Sµν in terms of the vector and axial-vector fields,
Vµ, Aµ. Following the procedure given in [22] and [19] the rest of field equations (4.12)–
(4.21), can be shown to yield

∇̃ · V = 0, (6.1)

p · A = 0, (6.2)(
p2 −m2

)
Vµ = −~(QF̃µν + ζw̃µν)Aν , (6.3)

pνVµ − pµVν = 6~2 εµνρσ∇̃
ρAσ, (6.4)

(
p2 −m2

)
Aµ = ~

2 ε
µνρσpσ∇̃νVρ, (6.5)

p · ∇̃Aµ + (QF νµ + ζwνµ)Aν = ~
2 ε

µνρσ (Q∂σFβν + ∂σζwβν) ∂βp Vρ, (6.6)

where at most O(~) terms are taken into account. We can derive the semiclassical kinetic
equations resulting from (6.1)–(6.6) by substituting QFµν with QFµν + ζwµν in the for-
malism which has been given in [19] for ζ = 0. First one solves (6.3), (6.4) for Vµ up to
~-order, then uses it in (6.1) and gets the kinetic equation of the vector field:

δ
(
p2 −m2

)
p · ∇̃fV + ~δ

(
p2 −m2

){( nα

p · n
Sµνa(n)(QFµα + ζwµα) + ∂µS

µν
a(n)

)
∇̃ν

+ Sµνa(n)∂µ(QFρν + ζwρν)∂ρp + εµναβ

2

[
∇̃µ

(
nβ
p · n

) [
∇̃νaα +QFνα + ζwνα

]

+ nβ
p · n

(
∂µ (QFρν + ζwρν) ∂ρpaα +

[
∇̃νaα − (QFρν + ζwρν)∂ρpaα

]
∇̃µ
)]}

fA

− ~
δ′
(
p2 −m2)
2(p · n) εµναρn

ν(QFαρ + ζwαρ)[p · ∇̃(aµfA) + F σµaσfA] = 0.

(6.7)

Here fV , fA are vector and axial distribution functions.

Sµνa(n) = 1
2n · pε

µνρσaρnσ (6.8)

is the spin tensor and aµ is the spin four-vector which is defined to satisfy the constraint

a · p = p2 −m2. (6.9)

To derive the other kinetic equations which are needed to determine the dynamical degrees
of freedom fV , fA, aµ, one solves (6.2) and (6.5) for Aµ up to O(~) with the help of Wigner
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function of the quantized free Dirac fields [19]. Plugging this solution into (6.6) leads to

δ
(
p2−m2

)(
p·∇̃(aµfA)+(QF νµ+ζwνµ)aνfA

)
+~δ

(
p2−m2

){
pµSρνm(n)∂ρ (Fβν+ζwβν)∂βp +pµ

(
∂αS

αν
m(n)+

Sανm(n)(QFαβ+ζwαβ)nβ

p·n+m

)
∇̃ν

+ εµναβ

2(p·n+m)

[
m2nβ+mpβ
p·n+m [(QFασ+ζwασ)nσ−∂α(p·n)]+m2 (∂αnβ)

]
∇̃ν

}
fV (6.10)

−~δ
′ (p2−m2)
(p·n+m)

(
pµpαnβ(QF̃αβ+ζw̃αβ)−

(
m2nβ+mpβ

)
(QF̃µβ+ζw̃µβ)

)
p·∇̃fV = 0,

where
Sµνm(n) = 1

2(n · p+m)ε
µνρσpρnσ. (6.11)

Once we get these kinetic equations, we impose the equations of motion resulting from (2.4)
and (3.1). Thus, from now on we deal with Fµν expressed in terms of the electromagnetic
fields Eµ, Bµ as in (4.22) and the field strength wµν expressed in terms of the vorticity
ωµ and the energy per particle u · p, as in (3.46). To keep the discussion general let us
introduce

ζwµν ≡ ΛwµνC + 2εu · pΩµν . (6.12)

How to fix the constants ε and Λ will be discussed later. By making use of (5.10) and the
Schouten identity, (6.12) can be written equivalently as

ζwµν = εµνσρωρ(u · p uσ(2ε+ Λ)− Λpσ). (6.13)

The kinetic equations (6.7) and (6.10) form the 4D collisionless kinetic theory of massive
fermions in the presence electromagnetic fields and vorticity. We would like to derive the
nonrelativistic kinetic theory arising from this covariant formulation. For this purpose let
us extract the scalar kinetic equation stemming from (6.10) by projecting it on nµ:

δ(p2−m2)nµ
[
p·∇̃(aµfA)−(QFµσ+ζwµσ)aσfA

]
+~(p·n+m)δ(p2−m2)

[
(∂σSσνm(n))∇̃ν

+ nσ

p·n+m(QFµσ+ζwµσ)Sµνm(n)∇̃ν+Sµνm(n)[∂µ(QFαν+ζwαν)]∂αp

]
fV (6.14)

+~m
δ(p2−m2)
2(n·p+m)ε

µναρ(mnµ+pµ)(∂αnρ)∇̃νfV −~δ′(p2−m2)pαnβ(QF̃αβ+ζw̃αβ)p·∇̃fV = 0.

We will show that (6.7) and (6.14) can be combined to derive scalar kinetic equations which
generate correct dispersion relations of Dirac fermions coupled to electromagnetic fields in
a frame rotating with the angular velocity ω.

6.1 3D massive kinetic theory

To establish the 3D kinetic theory arising from the relativistic kinetic equations (6.7)
and (6.14), one should determine the form of aµ, consistent with the kinetic equations and
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the constraint (6.9). However we are only interested in attaining small mass corrections to
the chiral effects. Hence, let us deal with aµ derived from the Wigner function of the free
Dirac fields [19]. In this case it is defined to satisfy

a · nfA = (p · n+m)fA, a⊥µfA = p⊥µfA −mSµ, (6.15)

where Sµ is the spin four-vector of the Dirac wave-function and a⊥ · n = p⊥ · n = 0. Thus,
it can be expressed as

aµ = mnµ + pµ −mSµ.

S · p = p ·n+m, so that (6.9) is fulfilled. Moreover, let Sµ be given as in the massless case:

Sµ = − p⊥µ
p · n

fA.

Therefore, we set
aµ =

(
1 + m

p · n

)
pµ. (6.16)

Because of dealing with aµ at the zeroth-order in electromagnetic fields and vorticity, we
need to keep the terms which are at most linear in Fµν and wµν in the kinetic equations (6.7)
and (6.14). For simplicity, we consider the fields satisfying ∂µFνσ = 0 and ∂µων = 0.

To establish the 3D kinetic theory by integrating over p0, we have to work in the
comoving frame by setting

nµ = uµ. (6.17)

Let us accomplish the kinetic equations following from (6.7) and (6.14) in the comoving
frame (6.17), by keeping at most the terms linear in Eµ, Bµ and ωµ. The kinetic equation
of the vector field (6.7) reads

δ(p2 −m2)p · ∇̃fV

+ ~δ(p2 −m2)
[
(∂σSσνa(u)) +

Sµνa(u)

p · u
(QEµ + ΛΩµαp

α)− ~m
ενµαβ

2(u · p)3uβpα(∂µuσ)pσ
]
∂νfA

− δ′(p2 −m2)
2(u · p)2 (u · p+m)

[
QB · p+ 2α(u · p)(ω · p)

]
p · ∂fA = 0, (6.18)

with the spin tensor

Sµνa(u) = 1
2u · pε

µνρσpρuσ + m

2(u · p)2 ε
µνρσpρuσ.

The left-hand side of (6.14) can be written with an overall (u · p + m) factor which is
obviously nonvanishing. Hence (6.14) yields the kinetic equation

δ(p2−m2)
[
p·∇̃fA−

m

p·u(u·p+m)
(
(∂αuβ)pαpβ−pµuνQFµν

)
fA

]

+~δ(p2−m2)
[
∂σS

σν
m(u)+

Sµνm(u)

p·u+m(QEµ+ΛΩµαp
α)+ εµναρ(∂αuρ)

2(u·p+m)2 (m2uµ+mpµ)
]
∂νfV

− δ
′(p2−m2)

2(u·p+m)
[
QB ·p+2α(u·p)(ω ·p)

]
p·∂fV = 0. (6.19)
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By expanding the denominators for small mass withm/u·p� 1, and ignoring them2/(u·p)2

and higher order terms, (6.19) can be written as

δ(p2 −m2)
[
p · ∇̃fA + m

(u · p)2QE · pfA

]

+ ~δ(p2 −m2)
[
∂σS

σν
m(u) +

(
1− m

u · p

)
Sµνm(u)

p · u
(QEµ + ΛΩµαp

α) + mpµ
(u · p)2 Ω̃µν

]
∂νfV

− ~
(

1− m

u · p

)
δ′(p2 −m2)

u · p
[
QB · p+ 2ε(u · p)(ω · p)

]
p · ∂fV = 0. (6.20)

In the small mass limit we have

Sµνm(u) ≈
1

2u · pε
µνρσpρuσ −

m

2(u · p)2 ε
µνρσpρuσ.

Then, by summing and subtracting (6.18) and (6.20) we acquire the kinetic equations

δ

(
p2 −m2 − χ~Qp ·B

u · p
− 2εχ~p · ω

){
p · ∇̃

+ χ
~

2(u · p)2 ε
µναβpα

[
QuβEµ + u · pΩµβ + (Λ− 1)uβΩµσp

α
]
∂ν (6.21)

− χ ~
4(u · p)3 ε

µναβm
[
pαuβ(QEµ + Λ Ωµσp

σ)− u · p pµΩαβ

]
∂ν

− ~
4(u · p)3 ε

µναβm pαuβΩµσp
σ∂ν −

m

2(u · p)2QE · p
}
fχ = C(−χ),

where

Cχ = −χ~δ
(
p2 −m2)

2(u · p)2 εµναβ
{
m pα

[
Ωµβ − 2 Ωµσp

σuβ
]
∂ν

− 1
4(u · p)3m

[
pαuβ(QEµ + ΛΩµσp

σ)− u · p pµΩαβ

]
∂ν

+ m

2(u · p)2QE · p
}
fχ

−mδ′(p2 −m2)(Qp ·B + 2ε(u · p)(p · ω))p · ∂fχ. (6.22)

Here fχ ≡ fR/L = (fV +χfA)/2 are the right-handed and left-handed distribution functions.
The right-hand side of (6.21) vanishes for both m = 0 and ~ = 0, but its left-hand side is
non-zero whether ~ = 0 or m = 0. Moreover, the distribution functions appearing on the
left- and the right-hand sides possess opposite chirality. Hence we can consider (6.21) as
the transport equation of fχ which shows up on the left-hand side where its right-hand side
is due to presence of the opposite chirality distribution function f−χ, for massive fermions.

To derive the nonrelativistic kinetic equations by integrating (6.21) over p0, we consider
distribution functions composed as in (5.11) and choose the frame uµ = (1,0), ωµ = (0,ω).
In this frame the Dirac delta function yields the dispersion relations

pχ0s = sEp
[
1− sχ~ b ·

(
QB + 2εEpω

)]
, (6.23)
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where Ep =
√

p2 −m2 and b ≡ p/2E3
p . Calculation of the p0 integral yields(√

η sχ
∂

∂t
+(√ηẋ)sχ ·

∂

∂x
+(√ηṗ)sχ ·

∂

∂p

)
f sχ(t,x,p)+ m

2E3
p

sQE ·p)f sχ(t,x,p) =C(−χ), (6.24)

where
√
η sχ = 1 + ~χb · (QB + s(2Ep +m)ω), (6.25)

(√ηẋ)sχ = p

Ep

{
1 + 2~χQb ·B + ~s

2 [2χEp(2ε+ (1− Λ)) + (χ+ 1)m] b · ω
}

+ ~χQ
(
1− m

Ep

)
E × b + ~χs

(
1− m

2Ep

) ω

Ep

− ~ω(b · p)
( sm

2Ep
(χΛ+ 1) + χ(1− Λ)

)
, (6.26)

(√ηṗ)sχ = sQE + p

Ep
× [eQB + (2ε+ Λ)Epω] . (6.27)

The right-hand side of (6.24) which vanishes for m = 0 can be considered as the correc-
tion terms due to the presence of opposite chirality fermions in the massive case. Terms
which vanish for m = 0 can also be interpreted as collision terms due to interaction of
electromagnetic fields and vorticity with the spin of massive fermions [38].

Let us fix the values of ε and Λ. Comparing the dispersion relations (6.23) with the
Hamiltonian of Dirac particles coupled to the magnetic field in rotating coordinates in
the helicity basis [24, 39], one observes that ε = 1/2. Similar energy relations were also
obtained for chiral particles in [27, 40]. Now, by inspecting (6.27) we see that Λ = 1 for
reproducing the Coriolis force correctly. This choice is also consistent with the massless
case considered in the section 5.

Inserting the spatial velocity (6.26) into the following definition

jχs =
∫

d3p

(2π~)3 (√ηẋ)χsf eq,sχ , (6.28)

where f eq,sχ is given in (5.27) by substituting Eχs with (6.23), we write the particle number
axial-vector and vector current densities as

jA =
∑
sχ

χjχs , jV =
∑
sχ

jχs . (6.29)

They can be decomposed as follows

jB,ωA,V (x, t) = σBA,V B + σωA,V ω, (6.30)

with

σ̄BA,V = Q

6π2~2

∫
d|p|

{
|p|4

E4
p

f0
A,V −

|p|4

2E3
p

∂f0
A,V

∂Ep

}

σ̄ωA,V = 1
2π2~2

∫
d|p|

((
|p|2

Ep
+ |p|

4(ε+ Λ− 1)
3E3

p

− (3Λ− 1)|p|4m
12E4

p

− m|p|2

2E2
p

)
f0
A,V

− |p|
4m

6E4
p

fFDV,A −
ε|p|4

3E2
p

∂f0
A,V

∂Ep

)
,

(6.31)

– 22 –



J
H
E
P
1
1
(
2
0
2
1
)
0
8
6

where f0
A,V are defined by

f0
A,V =

∑
s

{ 1
es[Ep−µR]/T + 1

± 1
es[Ep−µL]/T + 1

}
. (6.32)

For the sake of simplicity let us deal with µR = µL = µ. While σ̄BV vanishes under this
condition, σ̄ωV is

σ̄ωV =
T=0
− m

6π2~2

√
µ2 −m2

(
1 + m2

2µ2

)
θ(µ−m), (6.33)

at zero temperature. By performing the integrals at zero temperature, the coefficients of
axial-vector current density are calculated as

σ̄BA =
T=0

1
2π2~2

√
µ2 −m2θ(µ−m),

σ̄ωA =
T=0

1
π2~2

[
µ
√
µ2 −m2

(
2 + 3ε+ Λ

6 − (3Λ− 1) m
3

24µ3

− (3Λ+ 5) m12µ + (ε+ Λ− 1)m
2

3µ2

)

−m2 ln
(
µ/m+

√
µ2/m2 − 1

)]
θ(µ−m).

(6.34)

σ̄BA is in accord with the one derived by means of Kubo formula [41–43]. For ε = 1/2, Λ = 1
we have

σ̄ωA =
T=0

1
π2~2

[
µ
√
µ2 −m2

(
3
4 −

m3

12µ3 −
2m
3µ + m2

6µ2

)

−m2 ln
(
µ/m+

√
µ2/m2 − 1

)]
θ(µ−m).

(6.35)

Note that when the massless limit is considered one should also set ε = 0. For instance
for small m, by setting ε = 0, one obtains

σ̄A ≈
1

2π2~2

(
µ2 − m2

2

)
. (6.36)

This is the correction obtained in [43, 44] in the µ = 0 limit.
As we have already mentioned there is not a unique method of defining kinetic transport

equations for massive fermions beginning with (4.12)–(4.21). Hence there is no consensus
in obtaining the mass corrections to the chiral magnetic and vortical effects. Here we estab-
lished the massive kinetic equation from the covariant formulation which directly generates
the chiral transport equation when one sets aµ = pµ and m = 0. In fact we have chosen
the spin four-vector as in (6.16) which is consistent with the massless limit. Therefore the
corrections to the chiral effects are apparent in contrary to the other formalisms which are
suitable to discuss large mass limit [18, 23].

The massless limit can also be discussed starting from (6.7) and (6.14). For m = 0
we need to set ε = 0 in (6.12) and fix the spin four-vector as aµ = pµ. One can then
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observe that (6.14) yields a scalar kinetic equation up to an overall pµ factor. A similar
scalar kinetic equation follows from (6.7). By adding and subtracting these scalar kinetic
equations one obtains the chiral kinetic equation (5.7) for nµ = uµ and Λ = k. Therefore
the 3D chiral theory coincides with the one obtained in section 5, in particular particle
number current density satisfies the anomalous divergence as in (5.25).

7 Conclusions

We demonstrated that the scalar field φ and the vector-field ηµ represent the fermionic fluid
in the presence of the Coriolis force due to the nonvanishing vorticity. This is achieved by
showing that the equations of motion acquired by variation of the action (3.1) with respect
to φ and ηα are equivalent to relativistic Euler equations of a fluid with the Coriolis force.
Moreover, this formalism provided the field strength of the vector field ηα in terms of the
specific enthalpy and fluid vorticity.

Then we considered the action of Dirac spinors coupled to the vector fields Aµ and
ηµ. By virtue of its gauge invariances we derived the QKE satisfied by the Wigner func-
tion, (4.9), by generalizing the formalism of [5]. In fact, one of the main results accomplished
in this work is to show that when one deals with the fluids the original QKE [5] should be
modified adequately. This modification has already been introduced in [23, 24] in an ad
hoc manner. Here we obtained it in a systematic way from an underlying action.

The Clifford algebra generators are employed to decompose the Wigner function in
terms of field components and the semiclassical equations of the component fields which
follow from QKE are presented. Then to derive KTE one can proceed in two different
ways depending on when to impose the on-shell conditions of fields representing the fluid.
In [23, 24] we have derived the semiclassical kinetic equations by imposing the on-shell
conditions from the start. In contrary here we first acquired the semiclassical transport
equations and then let the fields ηα, φ be on-shell, so that wµν is expressed in terms of the
vorticity and fluid 4-velocity. This approach furnishes novel kinetic transport equations for
either massless or massive fermions.

As usual the equations satisfied by vector and axial-vector decouple from the other
fields when one considers massless fermions. The kinetic equation in the presence of unique
gauge field is well known [30, 31, 36]. We generalize it and obtain the semiclassical chiral
kinetic equation where the electromagnetic fields and the vorticity are treated on the same
footing. By integrating the semiclassical relativistic kinetic equation over p0, we established
a 3D CKT which does not depend on the spatial coordinates explicitly. It is consistent
with chiral anomaly and takes into account the non inertial properties of rotating reference
frame. Moreover, the chiral magnetic and vorticity effects are correctly generated.

Transport equations of massive fermions are also studied. The semiclassical kinetic
equations of the vector and axial-vector fields are derived by extending the formalism
given in [19]. The related 3D kinetic transport equation is obtained by letting the spin
4-vector be adequate to discuss the small mass limit. We showed that the Coriolis force
and the dispersion relation are correctly generated. We obtained the particle number
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current density in terms of the equilibrium distribution function and calculated it at zero
temperature. The similarities and differences with the other approaches are discussed.

For massive fermions we obtained the 3D transport equations by adopting the definition
of spin vector as in (6.16) and keeping only the linear terms in the electromagnetic fields
and vorticity. For having a better understanding of the mass corrections to the chiral
effects, one needs to find a solution of the spin vector depending on the electromagnetic
fields and vorticity.

Although we considered the collisionless case, kinetic transport equations are mainly
needed in the presence of collisions. They can be introduced in the current formalism by
generalizing the methods given in [30] and [45]. Obviously collisions can also be studied
within the 3D kinetic transport theories.

Zilch vortical effect [46] has been recently studied within the kinetic theories in [47, 48].
In [47] it was shown that the zilch current in a rotating system can equivalently be derived
in chiral kinetic theory by employing chiral current. It would be interesting to inspect
if this construction of zilch vortical effect can be studied by means of our approach for
example by modifying the chiral current. This may provide an alternative way of studying
the rotation of reference frame for photonic media.
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A Integration of (5.9) over p0

Expressing the kinematic vorticity tensor Ωµν in terms of the fluid vorticity as in (5.10) one
can show that SµνΩµν = p · ω/p0 and Ω̃µν = ωµuν − ωνuµ. Thus (5.9) can be rewritten as

δ

(
p2 − ~χQ

p ·B
u · p

){
p · ∇̃

+ ~χQ
u · p

SµνEµ∇̃ν −
~χ
u · p

(p · ω uµ − u · p ωµ)∇̃µ (A.1)

+ (k − 1) ~χ
2(u · p)2

[
p · ω pµ⊥ + (u · p)2ωµ

]
∇̃µ
}
fχ = 0,

where pµ⊥ = pµ − u · p uµ. It is perpendicular to the fluid velocity: p⊥ · u = 0. Integration
of (A.1) over p0 in the frame uµ = (1,0) and ωµ = (0,ω), leads to(√

η χs
∂

∂t
+ (√ηẋ)χs ·

∂

∂x

)
f sχ (t,x,p)

+ (√ηṗ)χs ·
[
∂

∂pf
s
χ (t,x,p, p0)

]
p0=sEχs

+ I0

[
∂

∂p0
f sχ (t,x,p, p0)

]
p0=sEχs

= 0,
(A.2)

where the phase space measure √η χ
s
and the velocities (√ηẋ)χs , (

√
ηṗ)χs are given in (5.16)–

(5.18). The 3D distribution function is defined by

f sχ(t,x,p) ≡ f sχ(t,x,p, p0)|p0=sEχs .
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Coefficient of the last term in (A.2) is

I0 = ~χQ
ω ·E
2|p| + ~χQ

p · ω p ·E
2|p|3 + sQ

p ·E
|p|

(
1 + ~χQ

p ·B
|p|3

|p|2
)
. (A.3)

A well defined 3D equation can be established only if some terms in (A.2) can be combined
to yield

(√ηṗ)χs ·
[
∂

∂pf
s
χ(t,x,p, p0)

]
p0=sEχs

+ (√ηṗ)χs ·
∂Eχs
∂p

[
∂

∂p0
f sχ(t,x,p, p0)

]
p0=sEχs

= (√ηṗ)χs ·
∂

∂pf
s
χ(t,x,p).

For this purpose let us express the first term of (A.3) in a different form. First observe
that [23]∫

d4p δ(p2)
{
E · ω

(
f0s
χ

p0
− 1

2
∂f0s

χ

∂p0

)
+ ω · pE · p

p2
0

(
2f0s

χ

p0
− 1

2
∂f0s

χ

∂p0

)}
= 0, (A.4)

where
f0s
χ = 2

(2π~)3
1

es(u·p−µχ)/T + 1
· (A.5)

Integration of (A.4) over p0 yields

ω ·E
2|p|

∂f0s
χ

∂p0

∣∣∣
p0=s|p|

= p·ω p·E
2|p|3

∂f0s
χ

∂p0

∣∣∣
p0=s|p|

+s
(

ω ·E
|p|2
−2p·ω p·E

|p|4
)
f0s
χ (t,x,p), (A.6)

with the shorthand notation
∂f sχ
∂p0
≡
∂f sχ(t,x,p, p0)

∂p0
.

Then by substituting the first term of (A.3) with (A.6) we can write the last term of (A.2) as

I0
∂f sχ
∂p0

∣∣∣
p0=sEχs

= ~χQ
p·ω p·E
|p|3

∂f sχ
∂p0

∣∣∣
p0=s|p|

+~sχQ
(

ω ·E
|p|2
−2p·ω p·E

|p|4
)
f sχ(t,x,p)

+Qp·E
|p|

(
1+~χQ

p·B
|p|3
|p|2

)
∂f sχ
∂p0

∣∣∣
p0=sEχs

· (A.7)

On the other hand from (5.14) and (5.18) we have

(√ηṗ)χs ·
∂Eχs
∂p

= ~Qχ
p · ω E · p
|p|3

+ Qp ·E
|p|

(
1 + ~χQ

p ·B
|p|3

|p|2
)
. (A.8)

Therefore, by making use of (A.7) and (A.8), we conclude that

(√ηṗ)χs ·
[
∂

∂pf
s
χ (t,x,p, p0)

]
p0=sEχs

+ I0

[
∂

∂p0
f sχ (t,x,p, p0)

]
p0=sEχs

=
[
(√ηṗ)χs ·

∂

∂p + ~sχQ
(

ω ·E
|p|2

− 2p · ω p ·E
|p|4

)]
f sχ (t,x,p) (A.9)

Plugging (A.9) into (A.2) leads to (5.15).
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