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ABSTRACT In this study, a new volumetric array design approach is presented for both azimuth and
elevation isotropic direction of arrival (DOA) estimation. The presented method uses a minimum number of
additional sensors to extend the given arrays to a volumetric array which has equal values for the Cramér-Rao
lower bound (CRLB) for the entire azimuth and elevation angles. This approach can be applied to all arbitrary
linear and planar arrays. Moreover, the design approach also takes into account the electromagnetic mutual
coupling (MC) effect between the array elements and both the azimuth and elevation angular ambiguity
uncertainties in an optimum manner while extending the array. It has been verified both analytically and
with simulations that the designed volumetric arrays satisfy the two dimensional (2-D) isotropic DOA
estimation conditions. The proposed approach is applied to Uniform Linear Arrays (ULA), Uniform Circular
Arrays (UCA), V-shaped Arrays, and an arbitrary planar array to extend to optimum volumetric arrays with
considerable results.
INDEX TERMS 2-D isotropic array, 3-D arrays, angular ambiguity, array signal processing, direction of
arrival, DOA, mutual coupling, sensor array design, volumetric arrays.
I. INTRODUCTION

Design of optimum array geometry for the best DOA
estimation is widely studied in the literature for decades, and
generally, CRLB [1], [2] and the angular ambiguity functions
[3], [4] are used together or separately as the performance
criteria of the design. CRLB gives the ultimate performance
of an unbiased DOA estimation, and the angular ambiguity
functions are used to measure the similarities of manifold
vectors of a given array for different angles. The primary purpose of practical applications on the sensor array geometry
design is to get a minimum and same values of the CRLB for
all azimuth angles while maintaining the angular ambiguity
within a tolerable level. These arrays are known as isotropic
planar arrays, which give an isotropic performance for only
azimuth angles [5]–[12]. Since these arrays are planar, their
elevation angle estimations are not isotropic.
In recent years, the positioning and tracking of multiple
mobile users for the next generation’s dense radio access networks are becoming important requirements [13]. Similarly,
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the amateur small unmanned aerial vehicles, also known as
drones, have been a high concern for public safety. Hence
the geo-localization and tracking of these drones are critical
[14], [15]. In all these problems, the sources are mobile, and
both the azimuth and elevation angles should be accurately
and quickly estimated. Planar array geometries are insufficient to meet these new and compelling requirements. For
both azimuth and elevation isotropic DOA estimation, two
dimensional (2-D) isotropic volumetric arrays are defined
in [6]. Therefore, it is critically important to find an optimum approach to extend an arbitrary planar array into 2-D
isotropic volumetric arrays for the best 2-D DOA estimation.
In [17], the effects of the adding sensors to the vertical plane
are considered and different volumetric array geometries
are analyzed. In [8], the same problem is investigated for
the multiple-input multiple-output (MIMO) radar systems.
In [9], CRLB based isotropic and directional array design
approach with a sensor selection strategy with adaptive array
thinning is proposed. In [18], Joint 2-D DOA estimation
performance of 3-D L-shaped antenna array design was
compared with some well-known planar arrays in terms of
detection rate.
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In all these aforementioned studies, the proposed arrays
and design approaches have approximately 2-D isotropic performances. Their azimuth and elevation CRLB levels are not
exactly equal for all angles. In this paper, a new optimum volumetric array design approach, which extends arbitrary planar arrays to both azimuth and elevation isotropic volumetric
arrays with a minimum number of additional sensors, is presented. The presented two-step design approach guaranties
to satisfy 2-D isotropic conditions while minimizing both the
azimuth and elevation angular ambiguity function subject to
the constraint of the mutual coupling effect in an optimum
manner. This volumetric array extension approach is applied
for well known ULA, UCA, V-shaped array, and an arbitrary
planar array with considerable performance improvements.
The extended 3-D V-shaped array’s 2-D MUSIC spectrum is
also compared with the planar V-shaped array in simulations
to show the improvements in elevation estimation.
This paper is structured into five sections. Section II briefly
describes the data model and general CRLB expressions for
arbitrary arrays. In Section III, the 2-D isotropic volumetric
sensor array design approach for any given arbitrary linear
and planar arrays is presented. Section IV provides the simulation results to verify the effectiveness of the proposed
method. Finally, section V concludes the paper.
Notations: We use bold small letters to denote vectors and
uppercase boldface letters to denote matrices. 1M and 0M
denote a row vector of M ones and zeros, respectively. k•k
represents two norm. IM denotes M×M identity matrix. The
operators (•)T and (•)H denote the transpose and conjugatetranspose of a vector or a matrix, respectively.

We assume an array geometry composed of M identical
and omnidirectional sensors located at the positions pm =
[xm ym zm ]T , m = 1, . . . , M . We consider that L narrowband and far-field source signals are impinging on the
array from the directions (φl , θl ) , l = 1, . . . , L, where
φ ∈ [0◦ , 180◦ ] and θ ∈ [0◦ , 90◦ ] denote source azimuth and
elevation angles, respectively as shown in Fig. 1. φ is measured as a counter-clockwise from the positive x-axis on the xy plane, while θ is the clockwise angle made with the positive
z-axis. The array output, y (t), at time t can be modeled by,
(1)

where T is the number of snapshots. The source signal; s(t)
is L×1 vector, y(t) and the noise, n(t) are M×1 vectors.
It is assumed that the signal and noise are uncorrelated,
zero-mean, spatially and temporally white Gaussian complex
random processes. A is M×L steering matrix,
A = [a (φ1 , θ1 ) , a (φ2 , θ2 ) , · · · , a (φL , θL )]

(2)

where a (φl , θl ) is the M×1 steering vector of the sensor
array in direction (φl , θl ) as,
h  T
iT
 T
a (φl , θl ) = e jkl .p1 · · · e jkl .pM
(3)
183904

where kl = (2π fc ul ) /c = (2π ul ) /λ is the wave-number
vector in the direction (φl , θl ), and λ, c, and fc denote the
wavelength, propagation speed of wave, and carrier frequency, respectively. The unit vector pointing towards the
source signal directions (φl , θl ) is,
ul = [sin θl cos φl sin θl sin φl cos θl ]T

(4)

The output covariance matrix, R, is
E{y (t) y (t)H } = R = ARs AH + σn2 IM

(5)

where E{•} denotes the expectation operator and Rs is the
source correlation matrix.
B. CRLB EXPRESSION OF ARBITRARY ARRAYS
FOR DOA ESTIMATION

II. PROBLEM FORMULATION
A. DATA MODEL

y (t) = As (t) + n (t) , t = 1, . . . , T

FIGURE 1. Coordinate system for 2-D DOA estimation.

The CRLB gives a lower bound on the variance of any
unbiased estimator. The azimuth and elevation angle estimators variances should satisfy the following inequalities
respectively,
i
i
 h
 h
b ≥ F−1 , var b
var φ
θ ≥ F−1
(6)
11

22

where Fisher information matrix (FIM), F, is given in [1] as,


Fφφ Fφθ
F=
(7)
Fθφ Fθθ
The elements of F can be calculated by,


∂R −1 ∂R
Fφφ = T × tr R−1
R
∂φ
∂φ


∂R
∂R
−1
−1
Fφθ = T × tr R
R
∂φ
∂θ

(8)
(9)

where tr {·} denotes trace of the matrix and T is the number
of snapshots. Thus,
 
o
2T n
⊥ −1
Fφφ = 2 < Rs AH R−1 ARs
ȦH
P
R
Ȧ
(10)
φ A
φ
σn
 
o
2T n
⊥ −1
Fφθ = 2 < Rs AH R−1 ARs
ȦH
(11)
φ PA R Ȧθ
σn
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where < {x} denotes real part of x and is the Hadamard (or
elementwise) product. Note that Fθθ can be written similar
to (10). Fθφ = Fφθ and,
L

−1
X
∂A
H
H
H
P⊥
=
I
−
A
A
A
A
,
Ȧ
=
M
φ
A
∂φl

(12)

l=1

where P⊥
A is the orthogonal projection of column space of
steering matrix A. CRLB expressions for azimuth and elevation estimators are given in [6] as,
!−1
2
Jφθ
1
1−
(13)
CRLB(φ) =
Jφφ
Jφφ Jθθ
!−1
2
Jφθ
1
CRLB(θ ) =
1−
(14)
Jθθ
Jφφ Jθθ
q

where Jφφ = tr Fφφ /L. Jφθ , Jθφ , and Jθθ can be written
in a similar manner.
III. 2-D ISOTROPIC VOLUMETRIC ARRAY DESIGN

In this section, a new array design approach, which extends
the given arbitrary planar array to volumetric arrays to satisfy
the 2-D isotropic DOA estimation conditions, is presented.
It is assumed that any arbitrary planar array with M sensors
is located on the x-y plane as
x = [x1 x2 . . . xM ], y = [y1 y2 . . . yM ], z = [0M ] (15)
An arbitrary array’s moment-of-inertia matrix, Ip ,
is defined in [19]–[21] as,


Ixx Ixy Ixz
(16)
Ip =  Ixy Iyy Iyz 
Ixz Iyz Izz
where Ixy , Ixz , and Iyz represent the cross moment-of-inertia
(off-diagonal elements) and Ixx , Iyy , and Izz represent the
auto moment-of-inertia (diagonal elements) of x, y and z
coordinates, respectively. The matrix elements of (16) are
calculated as,
T
Ixy = (x − µx 1M ) y − µy 1M
(17)
Ixz = (x − µx 1M ) (z − µz 1M )T

Iyz = y − µy 1M (z − µz 1M )T

(18)
(19)

Ixx = kx − µx 1M k2 , Iyy = ky − µy 1M k2
Izz = kz − µz 1M k2
where the mean of coordinates is defined as,






µx = x1TM /M , µy = y1TM /M , µz = z1TM /M

(20)

(21)

For the given arbitrary arrays, if Ip in (16) is a scaled
identity matrix then it is a 2-D isotropic array [10]. Thereby,
2-D isotropic conditions in [6], [8] are given as,
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Ixy = Ixz = Iyz = 0

(22)

Ixx = Iyy = Izz .

(23)

Fig. 2 shows the uniform linear array (ULA), uniform
circular array (UCA), and V-shaped array all with a number
of five sensors, respectively. These arrays are known as linear
and centrosymmetric (planar) arrays and they are located
on the x-y plane (there is no sensor on z plane). Hence
µz , Izz , Ixz , Iyz , and Ixy are all zero for these arrays. On the
other hand, Fig. 3 shows an arbitrary planar array with four
sensors where µz , Izz , Ixz , and Iyz are zero but Ixy is not
zero.
Here, we propose the two-step method that can extend all
given linear, centrosymmetric (Fig. 2) and non-symmetric
arbitrary planar arrays (Fig. 3) to volumetric arrays which
satisfy the 2-D isotropic DOA estimation conditions in (22)
and (23) by adding a minimum number of sensors.
A. STEP-1

This step simply checks if the given planar array’s cross
moment-of-inertia, Ixy , is zero or not. If it is already zero,
there is no need to add a new sensor to the x-y plane and we
can proceed to the second step directly. Otherwise, we should
add a new sensor to the x-y plane to make Ixy zero. Since
the Ixy ’s of the linear and planar arrays in Fig. 2 are zero,
we will move on to the second step for these arrays. But for
the planar array in Fig. 3, the Ixy is not zero. In this case,
we have to add a new sensor with coordinate (ζx , ζy ) which
makes Ixy = 0. After adding the new sensor, the updated
planar array coordinates are,


x(1) = [x ζx ], y(1) = y ζy , z(1) = [z 0]
(24)
where (·)(1) denotes the updated parameter at the first step.
(1)
The updated Ixy is obtained as (the derivation details are in
Appendix VI-A),
(1)
Ixy
= xyT +

M2
M
M
ζx ζy − (1) µx µy − (1) µy ζx
(1)
M
M
M
M
− (1) µx ζy
M

(25)

where M (1) = M + 1. µx(1) and µy(1) are the updated mean
of coordinates,
M µy + ζy
M µx + ζx
µx(1) =
, µy(1) =
(26)
(1)
M
M (1)
(1)

The solution set which makes Ixy = 0 is a curve on the
x-y plane as shown by the dotted blue line in Fig. 3 for the
chosen arbitrary array.
In order to choose a best point on this curve, the two important array design criteria are considered. The first criterion is
the angular ambiguity where the steering vectors in (3) should
be different for different DOA’s. If they are similar for different DOA’s, large ambiguity errors are likely to occur. So while
(1)
searching the best solution for Ixy = 0, the azimuth angular
ambiguity function in [23], which measures the similarity
between steering vectors, should be minimized. The second
criterion is the electromagnetic mutual coupling (MC) effect
between the array elements. When the array elements are
located close to each other, the MC distorts the array model
183905
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FIGURE 2. The given arrays: (a) ULA, (b) UCA, and (c) V-shaped array.

(1)
FIGURE 3. The solution curve which makes Ixy = 0 in Step 1 for the
given arbitrary array.

in (1) [26]. We define the MC effect as a constraint in (28).
The new sensor location problem is defined as the ambiguity
and MC constrained minimization (optimization) problem
which is presented in Section III-B.
B. AZIMUTH AMBIGUITY AND MC MINIMIZATION

The normalized azimuth angle ambiguity function, defined
in [23], is

tr A (φ + 1φ)H A (φ)
θ
3 (φ, 1φ) =
(27)
M (1) L
where L is the number of the source signals.
This function measures the similarity between the steering
vectors for different azimuth angles and gives values between
0 and 1 which means perfect orthogonal and collinear, respectively. We try to minimize this function while satisfying
(1)
the zero cross moment-of-inertia constraint (Ixy = 0).
Additionally, we define a new Mutual Coupling (MC) constraint for the new sensor to be added. The new sensor
should not be located closer to any sensor in the array than
λ/4. This distance restricts the MC effect at a reasonable
183906

FIGURE 4. Low ambiguity and high MC areas on the solution curve
obtained by (28) in Step 1.

level [22] and can be adjusted more precisely according to
practical situations. Finally, we define the following constrained optimization
cost function to get the optimum sensor

location, ζx , ζy ,

minimize : secondmax 3θ (φ, 1φ)
ζx ,ζy


λ
subject to : k ζx , ζy − (xi , yi ) k> , i = 1, . . . , M
4
(1)
Ixy
= 0;
(28)
We have to minimize the side-lobe-levels (SLLs)
(second max) for minimum ambiguity error with zero cross
moment-of-inertia. For the given four-element arbitrary planar array in Fig. 4, the triangle markers show the minimum
(1)
ambiguity locations which also make Ixy = 0. On the
other hand, the hexagram markers, which are close to the
array elements, show the high MC points. Hence the optimum location of the sensor to be added as a result of this
optimization is marked with a square ( ) marker for this
example.
VOLUME 8, 2020

F. Keskin, T. Filik: Optimum Volumetric Array Design Approach for Both Azimuth and Elevation Isotropic DOA Estimation

C. STEP-2

Algorithm 1: Pseudo-Code for the Proposed Algorithm

In this step, we have to equalize the auto moment-of-inertia
of coordinates (Ixx , Iyy , and Izz ) of a given array while keeping
(1)
the Ixy = 0. We first find the largest auto moment-of-inertia
and bring the rest to that value by adding new sensors.
n
o
(1)
(1)
I = max Ixx
, Iyy
, Izz(1)
(29)
where I is the maximum auto moment-of-inertia of x(1) , y(1) ,
and z(1) coordinates given in (24).
(1) (1) (1)
Then, in order to equate Ixx , Iyy , Izz without changing
the mean of z, we should add N uniform sensors as follows,
h
i
x(2) = x(1) dx 1N
h
i
y(2) = y(1) dy 1N



(N + 1)
(2)
(1)
z = z dz
−i
(30)
2
where i = 1, . . . , N , and (·)(2) denotes the updated parameter at the second step. New auto moment-of-inertia of the
updated x(2) , y(2) , and z(2) coordinates where the derivation
details are presented in Appendix VI-B, are obtained as,
(2)
Ixx
=

2
3
4
5
6
7

8

9
10
11
12

Step 1: Check cross moment-of-inertia between x and y
coordinates
Input: x, y, z, M
Output: x(1) , y(1) , z(1) , M (1)
if Ixy = 0 then
x(1) = x, y(1) = y, z(1) = z, M (1) = M
go to Step 2
else
Find the optimum (ζx , ζy ) using (28)
Update sensor coordinates (24) and other
parameters (25), (26)
Step 2: Equate auto moment-of-inertia of coordinates
Input: x(1) , y(1) , z(1) , M (1) , N
Output: x(2) , y(2) , z(2) , M (2)
(1)
(1)
(1)
if Ixx 6 = Iyy 6 = Izz then
Find the largest auto moment-of-inertia via (29)
Solve (35) to find dx , dy and dz
Update sensor coordinates (30) and other parameters
(31)-(34)

2

M (1) N 2 M (1) 2
2M (1) N
d
−
µ
µx(1) dx +kx(1) k2
−
x
(1)
M (2)
M (2) x
M (2)
(31)
2

M (1) N 2 M (1) 2
2M (1) N
d
−
µ
µy(1) dy +ky(1) k2
−
y
(1)
M (2)
M (2) y
M (2)
(32)

2
2
(1)
N N −1 2 M
=
dz − (2) µ2z(1) + kz(1) k2
(33)
12
M

(2)
Iyy
=

Izz(2)

1

where M (2) = M (1) +N . µx(2) , µy(2) and µz(2) are the updated
mean of coordinates at the second step,
M (1) µy(1) + Ndy
M (1) µx(1) + Ndx
,
µ
=
y(2)
M (2)
M (2)
(1)
M µz(1)
(34)
µz(2) =
M (2)
The following three equations are solved for the unknowns
dx , dy , and dz ,
µx(2) =

(2)
(2)
Ixx
− I = 0, Iyy
− I = 0, Izz(2) − I = 0

(35)

Finally, the locations of the new additional N sensors
in (30) equalize the auto moment-of-inertia of coordinates.
These sensors are marked with a diamond ( ) marker in Fig. 5
for ULA, UCA, V-shaped, and an arbitrary planar array for
N = 2. We observed that adding new sensors to the z-axis
affects the elevation angle ambiguity performance and the
MC effect. Therefore, it is possible to examine the elevation
angle ambiguity performance and the MC effect while selecting the optimum N which is presented in Section III-D.
This procedure can be applied for all uniform/nonuniform
linear and planar arrays. The proposed two-step algorithm
is presented in Algorithm 1 for all the arrays located on the
x-y plane.
VOLUME 8, 2020

D. ELEVATION AMBIGUITY ANALYSIS

In order to extend arbitrary arrays by this approach, the number of array elements and added sensors should respectively
satisfy M ≥ 2 and N ≥ 2 [24]. We can prefer a minimum number of additional sensors (N = 2) (to minimize
array cost) while designing a volumetric array. On the other
hand, although the number of sensors (N ) added on the
z-axis does not affect the azimuth ambiguity, these sensors
will affect elevation ambiguity performance. The elevation
angle ambiguity function can be written similarly to (27) with
only M (2) instead of M (1) . This function can be used as a
performance criterion for choosing the appropriate number
of added sensors in Step 2. If we choose N too small, the elevation ambiguity performance may deteriorate as the distance
between the sensors increases too much. But if we choose N
too large, the sensors on the z-axis become very close to each
other. Thus, the MC effect arises. Consequently, there is a
trade-off while choosing N . The graphical representation of
the elevation angle ambiguity analysis for the arbitrary array
given in Fig. 5(d) is shown in Fig. 6.
The figure shows that increasing the number of added sensors to the z-axis decreases the distance between the sensors
(dz (λ)) which increases the MC. However, the elevation angle
ambiguity (side-lobe peak gain) decreases. It is possible to
choose N = 2, but for the best results while taking into
account the MC and ambiguity errors, choose N between 3
and 6 (see Fig. 6) for the given array in Fig. 5(d).
IV. SIMULATION RESULTS

In this part, we consider ULA, UCA, and V-shaped arrays and
an arbitrary planar array in Fig. 2 and 3, respectively in order
to show the performances of the extended volumetric arrays
183907
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FIGURE 5. The proposed 2-D isotropic volumetric arrays with inserted additional sensors (
(b) UCA, (c) V-shaped, and (d) Arbitrary arrays.

FIGURE 6. The gain of the highest false peak and inter-element spacing,
dz , corresponding the number of added sensor on the z-axis in Step 2.

for different cases. All the exact sensor locations are given
in Table 1 in Appendix VI-C. The elements of the given planar
array are denoted by circle markers (•) for M = 5 sensors.
183908

) on the z-axis of (a) ULA,

If a sensor is added in step 1, it is shown by a square ( )
marker. Each sensor added in step 2 is shown by a diamond
( ) marker. Furthermore, for a fair comparison, the same total
number of arrays elements are chosen.
In simulations, a single far-field source is assumed for
DOA estimation. The source direction is represented as
(φl , θl ), where φ ∈ [0, 180◦ ] and θ ∈ [0, 90◦ ] denote
its azimuth and elevation angles in degrees, respectively as
shown in Fig. 1. While azimuth performance of the array is
tested, the elevation angle of the source is fixed at 85◦ , and
while elevation performance of the array is tested, the azimuth
angle of the source is fixed at 15◦ . CRLB values are obtained
for the 256 snapshots (i.e. T = 256) and signal-to-noise
ratio (SNR) of 20 dB. CRLB expressions given by (13) and
(14) state the lowest achievable error variance of the unbiased
azimuth and elevation estimators, respectively [1].
Fig. 7 shows the azimuth and elevation CRLB levels for
given ULA, UCA, and V-shaped arrays and their volumetric versions obtained by the proposed algorithm. For the
given planar arrays, the elevation errors go to infinity when
the elevation angle approaches 90◦ as seen in Fig. 7(b).
The proposed array design approach adds sensors to make
both the azimuth and elevation CRLB levels equal over the
VOLUME 8, 2020
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FIGURE 7. CRLB results: (a) Azimuth Performance θfixed = 85◦ (b) Elevation performance φfixed = 15◦ .



FIGURE 8. CRLB results of each step: (a) Azimuth performances θfixed = 85◦ (b) Elevation performances φfixed = 15◦ .

entire azimuth/elevation angle range. Since these three arrays
have zero cross-moments, (22) is satisfied and proceeded
with the second step of Algorithm 1 (Step 2). In this step,
the locations of N new additional sensors, (30), are solved
for the minimum possible number of sensors as N = 2.
In Fig. 5(a), (b), and (c) newly added sensors are marked
with the diamond marker ( ) to satisfy the (23) for ULA,
UCA, and V-shaped arrays, respectively. The corresponding
CRLB levels for these extended volumetric arrays are shown
in Fig. 7(a) and (b) step by step. As it is shown, both the
azimuth and elevation CRLB levels are equal for all the
azimuth/elevation angles.
To verify that the proposed algorithm works for all linear
and planar arrays, we arbitrarily choose four sensor locations
on the planar array as shown in Fig. 3 with circle markers (•).
This arbitrary array does not satisfy both the cross and auto
moment-of-inertia conditions, (22) and (23), respectively.
If we apply the algorithm, in the first step a solution curve
on the x-y plane which makes the cross moment-of-inertia
to

zero is created. The optimum sensor location ζx , ζy , which
is marked by a square ( ) on this curve, is the solution of
VOLUME 8, 2020

the (28). This solution guarantees the mutual coupling and
Ixy = 0 constraints while keeping the angular ambiguity minimum. In the second step of the algorithm two new sensors,
which are marked as diamond ( ) as shown in Fig. 5(d), are
added to equate the auto moment-of-inertia of coordinates.
Fig. 8(a) and (b) show the azimuth and elevation CRLB
levels of the arbitrary planar array before and after applying
the array design approach for both azimuth and elevation
isotropic performance. The effect of the progressively added
sensors to CRLB levels in step one and two are also shown
in 8(a) and (b), respectively.
The effect of the ambiguity errors is also investigated by
using the two dimensional (2-D) Multiple Signal Classification (MUSIC) [25] algorithm. The MUSIC spectrum is
calculated as,
PMU (φ, θ) =

1
aH (φl , θl ) Sη SH
η a (φl , θl )

(36)

where Sη corresponds to the noise subspace of the eigenvector
matrix. L highest peaks of PMU (φ, θ) will be DOA angles of
source signals.
183909
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FIGURE 9. 2-D MUSIC spectrum for (a) the planar V-Shaped and (b) proposed 3-D V-Shaped arrays.

In order to see 2-D DOA estimation performance of the
designed array, an example of the 2-D MUSIC algorithm
applied to the planar V-shaped [16] and proposed 3-D Vshaped arrays as shown in Fig. 9(a) and (b), respectively.
In simulations, 100 Monte Carlo trials are performed to estimate L = 2 uncorrelated sources located at (40◦ , 85◦ ) and
(120◦ , 15◦ ) for 5 dB SNR.
It can be seen that the planar V-shaped and proposed 3D V-shaped arrays have almost the same performance for
a low elevation angle with any azimuth angle. Nonetheless, the proposed volumetric array geometry overwhelmingly outperforms the planar V-shaped array after a certain elevation angle. Although the proposed 3-D V-shaped
array estimates the second source (40◦ , 85◦ ) correctly without SLLs (see Fig. 9(b)), the given planar V-shaped array
can not accurately estimate as well as creating high SLLs
(see Fig. 9(a)).
V. CONCLUSION

In this paper, an optimum and practical array extension algorithm is proposed for 2-D isotropic DOA estimation. The
proposed approach can be applied to all arbitrary linear and
planar arrays. In simulations, we applied the proposed design
algorithm to well known ULA, UCA, V-shaped, and an arbitrary planar array. It is shown that for the selected arrays,
the proposed volumetric array extension procedure improves
the elevation estimation performances of these arrays (2-D
isotropic) by considering both the angular ambiguity and
mutual coupling effects with a minimum number of additional sensors. Thanks to its 2-D isotropic estimation performance, obtained arrays can be used as a benchmark array
configuration for upcoming 2-D DOA estimation or beamforming algorithms. Besides, the proposed 2-D isotropic
arrays can be considered for MIMO radar, acoustic, and smart
antenna applications.
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VI. APPENDICES
A. DERIVATION OF CROSS MOMENT-OF-INERTIA

Let’s assume that we have given a planar array with coordinates as in (15). And then, assume that we add an additional
sensor, then updated coordinates as in (24).
Mean of updated coordinates,
µx(1) =
µy(1) =

x(1) 1TM (1)

M (1)
(1)
y 1TM (1)
M (1)

M µx + ζx
M (1)
M µy + ζy
=
M (1)

(37)

=

(38)

The cross moment-of-inertia between updated x(1) and y(1)
coordinates is,
T


(1)
Ixy
= x(1) − µx(1) 1M (1) y(1) − µy(1) 1M (1)


= x1 − µx(1) y1 − µy(1) + . . .


+ xM − µx(1) yM − µy(1)


+ ζx − µx(1) ζy − µy(1)
= x1 y1 − x1 µy(1) − y1 µx(1) + µx(1) µy(1) + · · · + xM yM
− xM µy(1) − yM µx(1) + µx(1) µy(1) + ζx ζy − ζx µy(1)
− ζy µx(1) + µx(1) µy(1)
= xyT − µy(1) x1TM − µx(1) y1TM + M (1) µx(1) µy(1)
+ ζx ζy − ζx µy(1) − ζy µx(1)

(39)

Substitute (37) and (38) into (39), and recall (21) as x1TM =
M µx , thus,
M µy + ζy
M µx + ζx
M µx −
M µy
M (1)
M (1)
M µx + ζx M µy + ζy
+ M (1)
M (1)
M (1)
M µ y + ζy
M µ x + ζx
+ ζx ζy − ζx
− ζy
M (1)
M (1)

(1)
Ixy
= xyT −
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M µx ζy
M 2 µx µy
M 2 µx µy
−
−
M (1)
M (1)
M (1)
M µx ζy
M µy ζx
M 2 µx µy
M µy ζx
−
+
+
+
(1)
(1)
(1)
M
M
M
M (1)
ζx ζy
M µy ζx ζx ζy M µx ζy ζx ζy
+ (1) + ζx ζy −
− (1) −
− (1)
M
M (1)
M
M (1)
M
2
M
M
M
= xyT + (1) ζx ζy − (1) µx µy − (1) µy ζx
M
M
M
M
− (1) µx ζy
(40)
M
This completes the proof.
= xyT −

B. DERIVATION OF AUTO MOMENT-OF-INERTIA

The auto moment-of-inertia of x(2) , is,

(2)
Ixx
= kx(2) − µx(2) 1M (2) k2
2
2
2
= x1 − µx(2) + x2 − µx(2) + · · · + xM − µx(1)
2
2
+ ζx − µx(2) + N dx − µx(2)
2
= x12 + x22 + · · · + xM
+ ζx2 + Ndx2

− 2µ2x(2) (x1 + x2 . . . xM + ζx + Ndx ) +M (2) µ2x(2)
|
{z
}
M (2) µ2(2)
x

(1) 2

= kx k

+ Ndx2

− M (2) µ2x(2)

(41)

Substituting (34) into (41) yields,
(2)
Ixx
=
(1)

2

M (1) N 2 M (1) 2
2M (1) N
dx − (2) µx(1) −
µx(1) dx +kx(1) k2
(2)
M
M
M (2)
(42)
(1)

Iyy and Izz can be obtained in the same way. This completes
the proof.
C. SENSOR ARRAY COORDINATES
TABLE 1. The Coordinates of Sensors in Terms of the wavelength (λ).
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