PHYSICAL REVIEW D 99, 044026 (2019)

Conserved charges in AdS: A new formula
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We give a new construction of conserved charges in asymptotically anti-de Sitter spacetimes in
Einstein’s gravity. The new formula is explicitly gauge-invariant and makes direct use of the linearized
curvature tensor instead of the metric perturbation. As an example, we compute the mass and angular

momentum of the Kerr-AdS black holes.
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I. INTRODUCTION

In Einstein’s gravity, outside a source, in a vacuum, all
the effects of gravity are encoded in the Riemann tensor (or
the Weyl tensor when there is no cosmological constant).
This should also be the case for conserved charges, such as
mass-energy and angular momentum. Here we show that
such a construction of conserved charges exists in asymp-
totically anti de Sitter (AdS) spacetimes. Namely the total
mass-energy or angular momentum of an asymptotically
AdS spacetime can be directly computed from an integral
that is written in terms of the linearized part of the Riemann
tensor.

Just like in any other theory in a flat spacetime,
conserved charges in gravity play a major role in under-
standing the integration parameters that appear in the
classical solutions such as the black holes and their
thermodynamics. But in contrast to the flat spacetime, a
generic curved spacetime does not have any symmetries
and hence one should not expect any conserved quantities.
Fortunately, for some spacetimes which are important in
black hole physics and cosmology, one can define total
mass (energy) and angular momentum given that the
spacetime is asymptotically flat or (anti)-de-Sitter. For an
asymptotically flat spacetime, we have the celebrated
Arnowitt-Deser-Misner (ADM) mass [1] which is also a
geometric invariant for the spacelike hypersurface of the
four dimensional spacetime as long as certain asymptotic
conditions on the decay of the metric tensor and the
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extrinsic curvature are satisfied. One can also give a similar
formula for the total angular momentum of asymptotically
flat spacetimes. A generalization to asymptotically (A)dS
spacetimes was carried out by Abbott and Deser (AD) [2].

In the usual formulation of conserved charges [3], given
a background Killing vector & a partially conserved current
in Einstein’s theory can be found as

JH == | /_géb(gvﬂ)(l)’ aﬂ]ﬂ =0, (1)
where (G#)(1) is the linearized cosmological Einstein
tensor and the linearization of the field equations read
(G =kt 4+ O(K2, k3, ...) =:kT". So the conserved
charge is

0(e) = / "y /=G, (G)), @)

where X is a spatial hypersurface. Note that as 7#* includes
all the localized matter and higher order gravitational
corrections, despite appearance, (2) captures all the non-
linear terms. See the recent review articles [4,5] for more

details. To proceed further one needs to write &,(G*)() to
be the divergence of a tensor. This requires writing (G*)(!)
explicitly in terms of the metric perturbation h,, which
yields [2]

Eu(gw)“) = V(I(EDV/}K”{ID/} - Kﬂﬂyavﬂézx)’ (3)

with the superpotential given as
1 - - - -
Kl o= (g0 + g = g - R, (4)

and i* == h* — % g h. The crux of the above construction
is that one must use the explicit form the linearized Einstein

Published by the American Physical Society


https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.99.044026&domain=pdf&date_stamp=2019-02-15
https://doi.org/10.1103/PhysRevD.99.044026
https://doi.org/10.1103/PhysRevD.99.044026
https://doi.org/10.1103/PhysRevD.99.044026
https://doi.org/10.1103/PhysRevD.99.044026
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

EMEL ALTAS and BAYRAM TEKIN

PHYS. REV. D 99, 044026 (2019)

tensor in terms of the metric perturbation (or deviation from
the (A)dS background). This yields (3) which is invariant
under gauge transformations of the form 6h,, = vﬂg“,ﬂr
vvé’ 4» but neither K" nor the two-from current
(&, VyKrah — Krhrey 4E ) that appears in the right-hand
side of (3) are gauge invariant: under these transformations
a boundary terms appears [6]. So, even though the charge
Q(&) is gauge invariant, the integrand defining the charge is
not. The question is if one can find a way to make all this
construction explicitly gauge invariant. The answer is not
obvious because not every gauge-invariant physical quan-
tity can be written explicitly gauge-invariant in local way.

To achieve our goal of finding a fully gauge-invariant
expression, here we shall provide another method of
expressing Z’U(g”")(l> in such a way that one does not
explicitly use the expression of (G*)()), instead purely
geometric considerations will be used such that the charges
are expressed in terms of the linearized Riemann tensor.
The formula, whose derivation will be given below, reads as

Q&) = k/oi d"_Zx\/):/éW(RWﬂg)(l)j:ﬂv’ (5)

with the constant coefficient

(n-1)(n-2)

k p—
8(n —3)AGQ,_,

(6)

and (R ﬁa)(‘) is the linearized part of the Riemann tensor
about the AdS background. All the barred quantities refer
to the background spacetime M whose boundary is M.
The Killing vector is £ and the antisymmetric tensor is
Fho .= VPE? 3 is a spatial hypersurface which is not equal
to OM, hence £ can have a boundary of its own which
is OX. Here

_ 1 _ _
€ = 5 (nﬂdl/ - nllaﬂ)’ (7)

where 71, is a normal one form on OM and &, is the unit

normal one form on O and 7 is the induced metric on the
boundary.

II. DERIVATION OF THE NEW FORMULA
Let us now provide the derivation of (5): we start with the
second Bianchi identity

ViRopup + VoRpup + VgRyg = 0, (8)

multiplying with ¢*” and making use of the definition of the
cosmological Einstein tensor G4 := R; - %R&f + Aé/,f, one
arrives at

vupyﬂﬂa =0, (9)
where the P tensor reads
P upo = R ypo + 8698 = 63501 + Go9pu = Gp9ou

" (g - %) (059 = Bpon)- (10)

In the construction of this tensor we have used
Vﬂg’”’ =0 and Vﬂg/‘” =0 and defined it in such a
way that its AdS value vanishes. For any smooth metric,
(9) is valid identically without the use of the field equations.
We can also express the P tensor in terms of the Weyl
tensor as

2(n-3)

Pprupe — Ccvubo _ s (ngga]ﬂ 4 gﬂ[rfgﬁ]v)
n_
n—3/( An R
__ B po _ P qvo
(2T - e )

Let F7° be a generic antisymmetric tensor. Then, con-
tracting (9) with F, yields

VY (F pePHb) — PbeN , F s = 0, (12)

which is an exact equation. Let us now consider the metric
perturbation which defines asymptotically AdS spacetimes

g;w = g/w + hﬂIJ’ (13)
where the background metric is AdS and satisfies

_ 2A o - -
Ropys = n=Dn=2 (TayTps — JasTpy),  (14)

together with Ricci tensor Raﬂ = %gaﬁ and the scalar
curvature R = flAT'Z’ For the AdS background we have G =

0 and P*F? = 0 as already noted. Let us now consider the
following particular antisymmetric tensor

Faﬂ = (vaé:ﬂ - vﬂga)' (15)

N =

When ¢ is a background Killing vector one has F 3 = F 4.
The linear order expansion of (12) reads

vv((PDﬂ/}G)(l)ﬁﬁﬁ) - (Ppyﬂﬁ)(l)vuj:/}n =0. (16)

We now need to calculate the first order linearization of the
‘P tensor which reads
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(pvﬂﬁv)(l) — (Rvﬂﬁd)l + 2(gulﬂ)(1)§6]v + 2(g”[0)(1)§ﬁ]ﬂ
+(R) gy
4A
Jloghlv 4 gulopplvy. 17
@fte_:r some manipulations and wusing the identity
V.V,E, =R°,,¢E,, one arives at
- - 4A(n-3) -
vupo)(1)y] =~ T ) (1) 18
(P ) Ufﬂo (n_ 1)(n_2)€ﬂ(g ) ( )
then from (16) we obtain the main expression
2 gy = M= D=2 & o) 7 |
BG4 =gy VAP IE ). (19)

This proves our desired formula: without writing the
linearized Einstein tensor explicitly in terms of the metric
perturbation, we were able to express the conserved current
as a boundary term involving the linearization of the
Riemann and Einstein tensors as well as the Ricci scalar.
To arrive at the total charge expression, we use the Stokes’
theorem and the resulting integral must be evaluated at
spatial infinity. This simplifies the expression further:
(G#)() and the linearized scalar curvature vanishes at
infinity. Moreover lowering the last two indices of the
(PP7)(1) tensor one arrives at the charge expression (5).

A. Application to Kerr-AdS black holes

As an application of our formula, let us consider the
Kerr-AdS black hole in four dimensions. One can take the
solution to be in the Kerr-Schild form which reads

2Mr

ds* = ds* +— (k,dx*)?, (20)
p

where p? = r* + a’cos’ and with the AdS seed metric

given as

2

(-5

Mo g
(1422 (122 A5)(r? + a?)
p2do*  (r* + az)sin29d¢2
Ay (1+22) 7

ds* = —

+

(21)

where Ay = 1 4 4 cos?6. The null vector k, is given by

Apdt 2d in20d
kydxt = HAaz + A;f rz 2 o Aa2¢'
(1+5%) (=% +a) (1+5)
Taking the Killing vector to be &= (—1,0,0,0), and

G = 1, the charge expression (5) becomes

3 o
= dQ(R", )VVPE 22
16”[\%%0 ( /30') é ’ ( )

r +“ <00 The integral is over a sphere at r — oo

with /7 =

which yields the answer

(23)

Similarly for the Killing vector & = (0,0, 0, 1) one finds the
angular momentum of the black hole as

M
= (24)
(14 55)
These relations satisfy E = J/a and they match the ones
computed in [7].

III. RELATION OF THE NEW FORMULA WITH
THE ABBOTT-DESER FORMULA

Let us derive the explicit connection between the AD
expression (3) and the one we have given here (19). Going
from the former to the latter is extremely difficult, one
needs judicious additions of terms that vanish, so we shall
start from our expression and expand it to find out the
relation. For this purpose, let us start from the linearized
form of the (2,2) background tensor

P g = R gy + 85 (R = 85(R6) ) + 53(R) W
— Gh(RE) D 2 (R) (353~ 30%). (25)
which, due to the symmetries, yields
(pwﬂa)(l)j:ﬂa — j:ﬂv(Rvﬂ )(1) +2j:6v< ”)(1)
- 2F (R - PR, (26)

Let us compute the right-hand side of the last expression
term by term. The first term can be written as

]:/’”(R”” ) = —fﬁ”( R”M hH +R”ﬂ/,, v
+g/1”( ﬂﬂo’) _QA (R A/hr)(l))' (27)

Using the first order linearized Riemann tensor
(R 3p0) ) = V(T5,) D =V, (1)), (28)

one finds
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= 2A - -
po ( RvH (1) — Ho LU __ TUo I;
+ FPoN 5 (VF Ry — V¥ hy). (29)

We can rewrite this as follows:
B 2A
- Dn-2)
+ (n = DEVR = (n—1)ETRE)
+ Vy(FPo(VFRs — VP iy)). (30)

Fho (R, )0 (e — W e

Now, we can compute the second term in (26) as

2F7(Rg)V = 2F (g (R;p)) = W R;,)) - (31)

where
(Ria) ) = 39,905 49,9, =9,y = V9, )
(32)
|
. 4A(n —3)
v (1) Tpo —
(P 5a) 7 (n—1)(n-2)

Then we have

A
(n—1)(n=2)
+(n=2) (W5 V & + BV hoH — VP D))

-V, (Fo (VE I+ 50N gh =P e — S5VF R) ).

2F(Ry)V = (EV Iy — hNHE —EoVF Ry

(33)
Finally we can compute the last term in (26) as
_ 2A _ - R
w(RY) — =~ (_En ov | EU\JV
FH(R) (n—l)(n—Z)( EV hoY 4 E'VYh
+ &V, h* — VP — (n — 1)hVFE)
v/}(_’,_fﬂ”(vﬁh/”’ - vﬂh)) (34)

Collecting all the pieces together, we have the following
expression

(hYMEe 1 Bk p) 4 8 e 1 B %Wﬂ;&v)

- - — - - 12 - - - =
-V (Fo (V4 + Sl = Py = 30 h) = 2 T (Vo = 0h) + Froihy = (u <> v). (35)

from (19), we can write

5 (0 =%, (hy;vv]ga L Ep 4 B, e 4 B %hWZg”)

(n=1)(n-2)
4A(n - 3)

9.9, <—%?"§”(v6h/"’ ) + V7B (G + 5

— VPhly — §NFR) + VPEVERY — (u <> 1/)). (36)

The first two lines yield the AD expression as given in [3]
while the remaining part is of the form V,V,0%[h].
Integrating the above expression on a spatial hypersurface,
after making use of the Stokes’ theorem, the first two lines
give the AD charge, while the other part having two
derivatives remain a total divergence on the boundary of
the hypersurface, vanishes since the boundary of the
boundary is nil. Note that this equivalence does not work
in 3 spacetime dimensions and for the asymptotically flat
spacetimes. It is important to recognize the following:
under gauge transformations, the left-hand side of (36) is
gauge invariant and so is the right-hand side. But, it is easy
to see that the first two lines are gauge-invariant only up to a
boundary term. Full gauge invariance is recovered with the

additional parts. The details of this discussion were given
in [6].

IV. CONCLUSIONS

We have given a conserved charge expression in
Einstein’s theory for asymptotically (A)dS spacetimes
which is directly written in terms of the linearized
Riemann tensor and an antisymmetric tensor that appears
as the potential of the Killing vector on the boundary of the
spatial hypersurface. The expression is explicitly gauge-
invariant as the up-up-down-down linearized Riemann
tensor is gauge invariant under small variations
oh,, = vﬂéy +V,¢ 4 Our construction started from the
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second Bianchi Identity on the Riemann tensor and as such,
the final expression of conserved charges is valid for n > 3
and not valid for the case of three dimensions. A naive
extension of this construction to generic gravity theories as
discussed in [3] is not that obvious and was carried out [6]

after this work appeared. Once a higher order theory’s field
equations are given one can work out a similar computation
for these theories and the coefficient k£ in (6) receives
corrections from the higher curvature terms. It would be
interesting to relate our construction to the one given in [8].
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